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GLOBAL SOLUTION FOR THE 3D GRAVITY WATER WAVES SYSTEM ABOVE A FLAT 

BOTTOM 

XUECHENG WANG 


Abstract 

In this paper, we consider the 3D water waves system above a fixed flat bottom (finite depth) with gravity, 
meanwhile without surface tension (the gravity water waves system). For this system, we prove global existence 
for suitably small initial data and non-existence of traveling waves below a certain level of smallness, which 
strongly contrasts the behavior of the solution of the same system in the 2D case. 


Contents 


1. Introduction 

2. Summary of the first paper and Main ideas of the proof 

3. Some Lemmas 

4. Analysis of Phases 

5. The Set-up of The Improved Z-norm Estimate 

6. The Improved Z-norm Estimate: Good Type Phases 

7. The Improved Z-Norm Estimate: Bad Type Phases 

8. Remainder estimate 
References 


1 

12 

16 

2C 

25 

33 

56 


1. Introduction 

In this paper, we study the long time behavior of the 3D gravity water waves system {2D interface) 
in the flat bottom setting, which, to the best of author’s knowledge, has not been addressed before. 
Due to the change from the infinite depth setting, which has recently been discussed extensively, to 
the flat bottom setting, the linear operator changes from the fraction Schrddinger to the operator 

A := Y^l V| tanh(|V|) (the depth is normalized to be 1). Because of this change, a new type of difficulty 
arises, which is the cubic level degeneracy of phases at the low frequency part. At the low frequency 
part, the linear operator has the following approximation, 

A(|«|) ;= yHfiSSM) » |{| - I«l«l. 

which is wave-like at low frequency part. The problem we confront is the following quasilinear dispersive 
equation, 

{dt + iA)u= X +TZ, tt : X C, (1.1) 

where u'^ := u, u~ := u and there is no null structure inside the quadratic terms •)• 
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If the linear operator is half wave operator “| V|”, then it is impossible to prove the global solution for 
all small initial data and all type of quadratic terms. Since the quadratic terms do not have null structure 
inside, the solution blows up even for small initial data, see the work of John 1261 . Unlike nonlinear wave 
equations, the phases associated with the quadratic terms do not vanish (except the trivial case), even 
when the frequencies of two inputs are parallel. But it is at cubic level smallness, which is still very bad. 
More precisely, the associated phases are defined as follows, 

:= A(l^l) - ^A(|^ - r/|) - r/A(|r/|). 

At the low frequency part, the following approximation holds when |^|, I 77 I <C 1, 

v) « [lel - -v\- ^1^1] - - vf]- 

When ^ — r] and rj are parallel, in the worst scenario, e.g., — r/| ~ \r]\ ~ |^|, the size of phase is 

which is a cubic level smallness. 

In this paper, we present a method to control all types of interactions at the low frequency part and 
get around this cubic degeneracy issue in 2D. As a result, together with the result in our first paper 
m, we show global existence of the gravity water waves system ( 11 . 11 ) in the fiat bottom setting and 
non-existence of traveling waves below a certain level of smallness. We expect the method developed 
here can be applied to other models, for example, 3D gravity-capillary water waves in the fiat bottom 
setting. At the low frequency part of these models, the associated linear operators are wave-like and the 
phases for quadratics terms have up to cubic level degeneracy (do not vanish except the trivial cases). 

1.1. Gravity water waves system above a flat bottom. We first describe the problem setting. There 
is an incompressible irrotational inviscid fluid occupying a lime dependenl finite deplh domain U(f), 
which has a free interface r(f) and a fixed flal boflom S. The inifial heighl of Ihe interface is very small. 
Above Ihe domain U(f), il’s vacuum. We consider Ihe effecl of gravity and ignore Ihe effecl of surface 
fension. We normalize bolh Ihe deplh and Ihe gravity conslanl <7 fo be 1. We can describe Ihe domain, 
Ihe interface and Ihe boflom in Eulerian coordinales as follows, 

Q{t) := {(x, y) : X G —l<y< h{t, x)}, 

r{t) := {{x,y) :x € y = h{t, x)}, S := {(x, y) : x G y = -1}. 

The evolufion of Ihis fluid is described by fhe Euler equation wilh boundary conditions as follows, 

dtu + u ■ Vu = —Vp — y(0,0,1) 

V-u = 0, Vxu = 0, u(0) = uq 

< u ■ n = 0 on S ( 1 . 2 ) 

p = 0 on r(t) 

dt + u ■ Vlangenls lo Utr(f) on r(f). 

As fhe velocity field is irrofalional, we can represenl if in terms of velocily potential (j). Eel r/) be fhe 
reslriclion of velocity potential on fhe boundary r(f), i.e., ■0(1, x) := x, h{t, x)). Erom divergence 
free condilion and boundary condilions, we can derive fhe following harmonic equation wifh Iwo bound¬ 
ary conditions: Neumann type on fhe bottom and Dirichlel type on fhe inferface, 

{Ax + dy)(j) = 0, ^Ie ~ ~ 


(1.3) 
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Hence, we can reduce (see, for example 1381) the motion of fluid to the evolution of height “/i” and 
velocity potential on the interface as follows. 


dth = G{h),p, 




-h 


i|VV ^|2 + 


{G{h)i) + V/i • f 
2(l + |V/i|2) 


(1.4) 


where G{h)'ip = y/l + \Vh\'^Af{h)^!; and Af{h)'ijj is the Dirichlet-Neumann operator. For gravity water 
waves system dLl, it has the following conservation law, 

n{h, Ip)= [ hhf + ^il;G{h)i;dx ^ ^ [||/i||^2 + ||AV'||i2]. (1.5) 

Jr 2 2 2 2 


1.2. Main result. Before stating our main theorem, we first define the function spaces that will be used 
constantly. Define the L°°-type space as follows, 

ll/lk-= ll/lltV..o, 0<6<7, 

fcez 

where Pk is the standard Littlewood-Paley projection operator, which will be defined precisely in the 
subsection 11.51 

Define the Z-normed space and the auxiliary space as follows, 

||/|U:=sup E I|/I|b,„ :=2“'=(l + 2 “) 2 ^||<^^^(x)-Pfc/|U 2 , a = 1/10, (1.6) 

where the cutoff function ipj{x) localizes the physical position in a way depends on the localized fre¬ 
quency. More precisely, it is defined as follows, 

^(_oo-fc](a:) if/s-h j = OandA; < 0, 

V’(-oo,o](a^) if j = OandA; > 0, (1.7) 

V’j {x) if A; -h j > 1 and j > I, 

where V'(-) is a standard bump function (see subsection [T3] for details). We mention that this type of Z- 
norm was first introduced and used by lonescu-Pausader in ll2^ for the context of Euler-Poisson/electron 
system case. 

We use the following notation to include all possible combinations of k and j, 

J := {(A:, j) G Z X Z+ : A: -h j > 0}. 

From above definition, it’s easy to see the following decomposition holds 

Pkf= E /= E 

j>max{—fc,0} {k,j)€j 

where the operator Qkj is defined as follows, 

Qk,jf := Pik-2,k+2][^j{x) • Pkf]. 

Our main result is stated as follows. 



(1.8) 
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Theorem 1.1, Let Nq = 1000 and 6 G (0,10 be fixed and sufficiently small. If (/iq; V’o) satisfies the 
following estimate, 

II^oIIhA'o+i/z + + 11(^0) AV'o)IIZnLi < Co < e, (1.9) 

for some sufficiently small constant e, then there is a unique global solution for the system d with 
initial data moreover, the following estimate holds, 

sup (1+t)"'^||(/i, AV’)(t)||H^o + {'i- + t)\\ih,Afi){t)\\wi. 2 c + \\e^^^{h + iAf){t)\\z < cq. (1.10) 

iG[0,cx3) 

Remark 1.2. The top regularity Nq can be improved after being more careful with the argument used in 
this paper. Since our goal is to show global existence and highlight main difficulties, we do not pursue 
the goal of optimizing the required top regularity here. 

Remark 1.3. From (11.101) . we can derive that there is no traveling wave below a certain smallness level 
determined by e in above theorem. 

Remark 1.4. From the improved Z-norm estimate part (section[5l), as a byproduct, we also know that the 
solution is scattering to a linear solution in a lower regularity Sobolev space, e.g., Ff^(M^). 

1.3. Previous results. Without being exhaustive on the progresses made so far on the water waves 
system, we only mention those representative results on the initial value problem. For the results on the 
blow up behavior of solutions and “splash singularity”, interested readers may refer to IT) [141 HSl and 
references therein. 

On the local theory side, Nalimov ll29l and Yosihara |[^ considered the small initial data case, Wu 
ll34ll^ considered general initial data in Sobolev spaces, see also the subsequent works by Christodoulou- 
Lindblad |81, Lannes ll27l . Lindblad ll28l . Coutand-Shkoller [9], Shatah-Zeng ll30ll and Alazard-Burq- 
Zuily lllO. If the effect of surface tension is also considered, local existence also holds, see Beyer- 
Gunther 0, Ambrose-Masmoudi Coutand-Shkoller llTOl . Shatah-Zeng |[30ll and Alazard-Burq-Zuily 

mia. 

On the long time behavior side, we have several results. For the gravity water waves system in the 
infinite depth setting. In the 3D case, Wu If34ll and Germain-Masmoudi-Shatah ifTSi proved global exis¬ 
tence for small initial data. In the 2D case, see the work of Wu|[35l and the work of Hunter-Ifrim-Tataru 
|[20ll for the almost global existence, see the work of Ionescu-Pusateri ll2Tl . Alazard-Delort [[ll, Ifrim- 
Tataru ll20l . Wang ll32]| for the global existence results. For the capillary water waves system in the 
infinite depth setting. See the work of Germain-Masmoudi-Shatah lIT^ for the 3D case.See the work of 
lonescu-Pusateri ll25l and Ifrim-Tataru ll^ for the 2D case. 

For the water waves system in the fiat bottom setting. What we know so far about the flat bottom case 
can be summarized as follows: (i) on the one hand, the local existence holds (with bottom not necessary 
flat) by the work of Lannes ll27l and the works of Alazard-Burq-Zuily EO and the large time existence 
holds, which is larger than what predicted by energy estimate, by the work of Alvarez-Samaniego and 
Lannes in [4j; (ii) on the other hand, the existence of traveling waves for initial data arbitrary small in 
level, which depends on the dimension and the ratio of the surface tension coefficient and the gravity 
constant. 

The existence of traveling waves makes the problem of global regularity more delicate and more 
complicated. Traveling waves are more likely to exist in 2D. In the 2D case, the traveling waves exist as 
long as / 0 regardless whether a equals 0 or not (see introduction part of lfT2l and references therein). 
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Meanwhile, in the 31? case, so far the traveling waves are only known to exist when a jg > 1/3 (see 
max i.e., the strong surface tension case. 

As a contrast, from the main theorem, we know that there is no traveling waves under certain smallness 
level when ajg = 0, i.e., a = Q,g = 1. This result provides a sharp contrast for the fundamental 
difference of the behavior of small initial data solution between the 3D setting and the 2D setting. 


1.4. The full water waves system above a flat bottom. The long time behavior of water waves systems 
in the infinite depth setting has been extensively studied recently. For the 3D case, the small data global 
solution problem has been completely solved, see the recent work of Deng-Ionescu-Pausader-Pusateri 
ifTSll on the gravity-capillary waves system in 3D. However, we don’t have any result on the very long 
time behavior of the water waves system in the flat bottom setting. As the first paper on the long time 
behavior of water waves system in the flat bottom setting, we discuss more about the full system in this 
subsection. 

As a natural comparison, we compare the same system in the flat bottom setting with the infinite depth 
setting. In the infinite depth setting, after diagonalizing the system, we are dealing with the following 
type of quasilinear equation, 

{dt + iAi)u = Mi{u,Vu), Ai := y/|V|(p + <t|V|2), g,a>0,g + a>0. (1.11) 


Meanwhile, when changing to the finite depth (with depth normalized to be 1) setting, the behavior 
of Dirichlet-Neumann operator will change. After diagonalizing the system, we are dealing with the 
following type of quasilinear equation. 


{dt + iA 2 )u = Af 2 iu,Vu), A 2 := Vtaiih/|V|)|V |(5 + a)V|^, g,a>0,g + a>0. (1.12) 

The main difference of above two equations lies in the low frequency part. As “tanh x” approaches 
to “1” very quickly as x goes to infinity, two settings are very similar for the medium and high frequency 
parts. The main difficulties arise in the infinite depth setting will also appear in the flat bottom setting. 
So we only highlight the main differences here and concentrate on the low frequency part. 

On the Fourier side, the symbols of linear operators and their expansions around “0” are given as 
follows. 


Ai(0 := \/|?l(5 + o-|^P), A 2(0 := y/tanh |^||^|(p + al^p). 


^ 2(0 ~ < 


Ai(0 


v^iji - 


6^5 


g = 0,a>0, 
19p2 - 30p(T - 450-2 5 

^ 360^3/2 ’ 




9 > 0 , 


p = 0 , O' > 0 . 


(1.13) 


(1.14) 


For the system (II.11b and (11.12b . their associated phases are given as follows, 

■= Ai(0 - Mi(? -V)- i^Ai(r/), := A2(0 - aA2(? - v) - 


It turns out that, the degenerated phase at low frequency part is a common feature for the water waves 
system above a flat bottom. From (11.13b and (11.14b . we can see that 4>2’^(C) v) is much more degenerated 
than rj) in the worst scenarios. From (11.14b . we can see that the linear operators are all wave-like 

for all possible value of g and a except the case when g = 0 and a = I, m which it is Schrddinger-like. 
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As mentioned before, when a jg > 1/3, there exists traveling waves in 3Z1 case, which are arbitrary 
small in 1? level. From the expansion (11.141) . we can see the sign of change from ” to “+” when 
a jg changes from 1/3 — e to 1/3 +e. As a result, the phase in the later case does not have a cubic 
smallness lower bound, but vanishes on a hypersurface of codimension “1”. It is suggested that the case 
when o jg = 1/3 might be a threshold for the full water waves system in the flat bottom setting. When 
a j g < 1/3, the phases have the same cubic level degeneracy issue. By combining the method developed 
in this paper and the method developed in Deng-Ionescu-Pausader-Pusateri II 13 II . it is reasonable to expect 
that the solution globally exists and decays for small initial data, hence no traveling waves below the 
certain level of smallness. 

To know the full picture of gravity-capillary waves (with all possible values of g and a as mentioned 
in ( 11 . 121 ) '). it is helpful to know the long time behavior of the following two toy models with initial data 
•Uo, s.t., Uq = P<lUo, 

(9i+i(|V| + |V|®/90))ri = ^ P<i[\V\Qi{u'^,Vu'^)], corresponds to 5 = 1, cr = 1/3, (1.15) 

(Of + i(|Vp — |V|^/ 6 ))ri = ^ P<i[Q 2 {u^,Vu’^)], corresponds to p = 0 ,cj = 1, (1.16) 

and there are no null structures inside the quadratic terms Qi{-, ■) and Q 2 (-, ■)■ 

Note that the non-presence of “|V|” in (11.161) is not a typo. After diagonalizing the capillary waves 
system in the flat bottom setting, we do not see the presence of “|V|” for some quadratic terms. Effec¬ 
tively speaking, we do not gain the smallness of output from symbols for the 1 x 1 —0 type interaction. 
As a result, this drawback will add substantial difficulties to control the 1 x 1 —)• 0 type interaction. 
This fact is also another major difference between the flat bottom setting and the infinite depth setting. 
For the capillary waves system in the infinite depth setting, we do gain the smallness of output because 
cancellation also happens at low frequency level. 

1.5. Notations and The outline. For any two numbers A and B, we use A < B and B > Ato denote 
A < CB, where C is an absolute constant. We use A ^ B to denote the case when A < B and B < A. 
We use A K. B A \ A — B\ ^ A. 

Throughout this paper, we will abuse notation of “A” a little bit. When there is no lower script in A, 
then A := Y^tanh(|V|)|V|, which is the linear operator associated for the system (11.41) . When there is a 
lower script p in A where p G N+, then we use Ap(AA) to denote the p-th order terms of the nonlinearity 
AA if a Taylor expansion of J\f is available. Also, we use notation A>p[A/] to denote the p-th and higher 
orders terms. More precisely, A>p[A/] ;= J2q>p Foi" example, A 2 [A/] denotes the quadratic term 

of Af and A> 2 [A/] denotes the quadratic and higher order terms of Af. If there is no special annotation, 
then Taylor expansions are in terms of h and 

We fix an even smooth function : M ^ [0,1] supported in [—3/2, 3/2] and equals to 1 in [—5/4, 5/4]. 
For any A: G Z, we define 

il)k{x) := 'ii{x/2^) - ipKkix) := 'ip{x/2^) = il)>k{x) := 1 - V’<fc-i(a;), 

l<k 

and use Pk, P<k and P>k to denote the projection operators by the Fourier multipliers 'ijjk, V'Gfc and ip-^k 
respectively. For a well defined function f{x), we use fk{x) to abbreviate Pkfix) and use fk,j{x) to 
abbreviate Qk,jf{x)- Recall that the operator Qkj is defined in (11.81) . 
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We use both /(^) and J^(/)(C) to denote the Fourier transform of /, which is defined as follows, 

Hfm = I e-^^<fix)dx. 

We use T~^{g) to denote the inverse Fourier transform of g{^). For an integer A: G Z, we use to 
denote max{A:, 0} and use k- to denote min{A:, 0}. For two well defined functions /(x) and g{x) and a 
bilinear form Q{f, g), we use fhe convention fhaf fhe symbol q{-, ■) of Q(-, ■) is defined in fhe following 
sense fhroughouf fhis paper, 

Jr2 

Very similarly, for a frilinear form C'(/, p, h), ifs symbol c(-, •, ■) is defined in fhe following sense, 

J^[Cif, 9 ,h)]{C) = -^[ f f{^-g)g{g - a)h{a)c{C-g,g - a,a)dr]da. 

Ihvr^ J^2 

Define a class of symbol and ifs associafed norms as follows, 

;= {m : M'^orM® —>• C,mis continuous and < cc}; 

ll<s- • 

In secfion [U we summarize fhe main resulfs in our firsf paper, in which we derived a new energy 
esfimafe and sfudied properties of Dirichlef-Neumann operafor for fhe purpose of sfudying long time 
behavior. In section[3l we record some lemmas and prove some angular localized type bilinear esfimafes, 
which are very imporfanf for lafer argumenf. In secfion IH we analyze properfies of phases associafed 
wifh sysfem (II .dll . In secfion [5l we infroduce fhe sef-up of how fo derive fhe improved Z-norm esfimafe 
of fhe profile and decompose fhe quadratic ferms info good fype terms and bad type terms based on the 
behavior of associated phases. In section 0 and section |7j we derive the improved Z-norm estimate for 
the good type terms and bad type terms respectively by assuming the Z-norm estimate for remainder 
term holds and finish fhe proof of Proposition 15.31 In secfion [H we derive Z-norm esfimafe for fhe 
remainder ferm and finish fhe proof of Proposition 15.21 

Acknowledgement I fhank my Ph.D advisor Alexandra lonescu for many helpful discussions and 
suggesfions. The firsf version of manuscripf was done when I was visifing Fudan Universify and BICMR, 
Peking Universify. I fhank Zhen Lei and BICMR for fheir warm hospifalifies during visif. 

2. Summary of the first paper and Main ideas of the proof 

Since the local existence of the system (11.41) is already known(for example, see CJi)^ it is very natural 
to use the bootstrap argument to iterate the local result. The argument is reduced to estimate the energy 
and the dispersion of the nonlinear solution. 

Due to the cubic degeneracy issue of phases at the low frequency part, it is not hopeful to prove 
that the L°°— norm of the solution has the sharp 1/(1 + f) decay rate over time. As a result, a rough 
energy estimate is not sufficient to control the growth of energy in the long run. To get around this 
issue, instead of working too hard, it turns out that there is a relatively simple way to control the growth 
of energy. It relies on the following two observations: (i) A new type of energy estimate is available 
after carefully studying the Dirichlet-Neumann operator and the quadratic terms of the system (11.41) . 
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Intuitively speaking, L°° norm part of the new energy estimate only depends on the derivative of solution, 
(ii) Although it is not hopeful to prove general solutions decay sharply, we can prove that the solution 
with some degree of derivatives in front decays sharply. The derivative at low frequency part compensates 
decay rate. 

The new energy estimate is one of main results in our first paper 1331, in which we studied the local 
behavior of the system (11.41) for the purpose of studying the long time behavior. For readers’ convenience, 
we summarize the main results in the following subsection. 

2.1. The new energy estimate and properties of Dirichlet-Neumann operators. The smallness as¬ 
sumption assumed in l3^ is weaker than the smallness assumption (11.91) . only VF'^-norm of initial data is 
required to be small. Hence, we can use the new energy estimate derived there directly. The new energy 
estimate derived in l33l can be stated as follows. 

Theorem 2.1. If initial data {ho,A'il>o) G x satisfies the smallness condition 

(II.91 ). then there exists some T > Q and a unique solution {h,Af) G T]; (M^) x 

Moreover, the following energy estimate holds for any t G [0,T], 

||(/i,AV’)(f)||^iVo <iVo eo+ [ [\\{h,Af){s)\\wi,i+ \\{h,Af){s)\\l,i]\\{h,Af){s)fj^Nods. (2.1) 

Jo 

There are two main ingredients to derive (12.11) : (i) Careful estimates of the Dirichlet-Neumann oper¬ 
ator with attentions to the low frequency part of quadratic terms, (ii) Thanks to the works of Alazard- 
Burq-Zuily EllSl. We can use their paralinerarization and sysmetrization procedures to avoid losing 
derivatives at the high frequency part. 

To study and estimate the Dirichlet-Neumann operator, we formulate the velocity potential in a fixed 
point type formulation. More precisely, we map the water region D(f) to the strip 5 := x [—1,0] as 
follows, 

(x,y)^{x,z), z el-1,0]. 

Let ip{x, z) := h + {h + l)z). From (11.31) . the following identity holds, 

(Aj; -h dl)(f) = Q ^ Pip ■= [/A^pddl -h h ■ Vdz + cdz]ip = = 0, (2.2) 

where 

, l + {2+l)2|VAp J -2(2+l)Vft , -( 2 +l)A,ft , „(j + l)|Vftp 

“ =- (TTW -•'’= 1 + h ■ (1 + ft) (i + hV ■ 

The Dirichlet-Neumann operator in terms of ip is given as follows, 

Gih)f = [-Vh • Vf + - Vf • Vh, (2.4) 

Therefore, to estimate G{h)ijj in a A-normed space, it is sufficient to estimate in the L^A-normed 
space. We will use (12.21) to see the fixed-point structure of Vx,zP, which provides a good way to estimate 
dz^p and determine the Taylor expansion of the Dirichlet-Neumann operator. 

We decompose the equation (12.21) as follows, 

(dz: + |V|)(5^ - |V|)(^ = (1 - d)d‘^(p - b ■ - cd^p = g{z) = d^giiz) +g 2 {z) + V ■ g^{z), 
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where 


2h+h^-iz + ir\VhW , (z + l)V/i-V^ , ^ 

9i{z) = -- Oz(p + - ——r - , 5 i(-l) = 0, 


92iz) = 


( 1 + /l )2 

{z + 1)|V h\‘^d^ip 


V h ■ Vip 


1 + h 
9‘i{z) = 


{z + 1)V hdzip 


(2.5) 


( 2 . 6 ) 


(1+ /i)2 1+ h ’ ' 1+ h 

The point of above decomposition is that we can solve it explicitly by treating the nonlinearity g{z) as 
given. Since g{z) has a term of type “Blip”, which is not in terms of Vx,z^- Hence we decompose g{z) 
further as dzgi{z) + g2{z) + V ■ g^{z) and do integration by parts in “z” once for gi{z). From (12.51) 
and (12.61) . we can see that gi{z), i G {1, 2, 3} are all linearly depend on Vx,zP>, therefore lies in the fixed 
point structure. In the end of day, we have the following fixed poinf fype formulation for Vx,zP’, 


'^X,zP> = 


-(^+i)|v| g(^+i)|v| e(^+i)|v| _ g-(2+i)|v| 


e-l^l + el^l 


VV-, 


e-l^l + el^l 


|V|V^ 




+ 


[Ki{z, s) - K 2 {z, s) - Ksiz, s)]{g 2 {s) + V • g 3 is))ds 


'-1 


+ 


j K 3 {z,s)\V\sign{z - s)gi{s)-\V\[Ki{z,s) + K 2 {z,s)]gi{s)ds, (2.7) 

where Ki{z, s), i G {1, 2,3} are some linear operators. Their defailed formulas are nof so relevanf for 
fhe infuifive purpose, buf one can see l(^ for fheir defail formulas. From (12.71) and (12.41) . if’s easy to see 
fhaf fhe linear terms of Vx,zP> and G{h)'ijj are given as follows. 




3 -( 2 + 1 )|V| _^g(z+l)|V| 


e-|v| +eiv| 




= (^+l)|V| _ g-(z+l)|V| 


=-|V| 


dV| 


■|V|V^ 


( 2 . 8 ) 


Ki[G{h)i;] = |V|tanh(|V|)V^. 

As fhe decay rate is critical in fhe 3D seffing {2D inferface), to know fhe long fime behavior of fhe 
dispersive equation (11.11) . if’s crucial to know whaf type of quadratic term we are dealing with. Essentially 
speaking, we only need to know what the quadratic terms of G{h)Tp are. 

We can plug in the linear terms of Vx,zP> in (12.81) to (12.71) to find ouf whaf quadratic terms of dz^p 
are, which furfher give us fhe quadrafic terms of G{h)'ip from (12.41) . As a result, we have the following 
Lemma on the symbol of quadratic terms of G{h)'ip, which can be found in ||33l [Lemma 3.5], 


Lemma 2.2. Let q{-, •) denotes the symbol of quadratic terms ofG{h)'ip, for fci, k 2 , k & Z, we have the 
following estimate on symbol, 

(2.9) 

We also need to show that the cubic and higher order terms “7^” of equation (11.11) do not have much 
accumulated effects in the long run, essentially speaking it is sufficient to control A >3 . It turns out 

that the fixed poinf fype formulation (12.71) is also a powerful fool fo esfimafe those cubic and higher order 
terms. We can represent A> 3 [Va;^ 5 ;y?] as the following fixed poinf fype formulafion (see 1331 [Lemma 
3.7]), 

A>3[Va),^<^] = ^ Gl{h,f,hi) + hCl{h,'ilj,hi) + {I + hfCz(h2,h2, A<2[^x,zP>]) + h^Cz{h,h2,f) 

i=l,2 

+ Tl{hi, A>3[Va;,2:y^]) + cl {h, h2, A>3[Va;,2:y^]) + (1 + h)‘^C‘l(h2, h2, A>3[Va;^2(/?]), (2.10) 
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where C*, (7®, Cz, Cz, Cl, i G {1, 2} are some trilinear operators, Tj is some bilinear operators and hi 
and h 2 are given as follows, 

~ 2h + h? ~ h 

'““(TW ^"TTh- 

The symbols of bilinear operators T® satisfy the estimate (18.151) . symbols of all above bilinear operators 
satisfy the estimate (I8.16I) . We will use above fixed point type formulation to estimate remainder terms 
“7?.” in section [ 8 l 

2.2. Main ideas of proof. From the new energy estimate (12.11) in Theorem 12.11 it would be sufficient 
to close argument if one can prove that the decay rate of the nonlinear solution in space is sharp, 

which is 1/(1 + f) over time. From the linear decay estimates in Lemma [T4l we can reduce the question 
into conbolling the L^-type norm of the profile of solution over time to get sharp decay rate. However, 
there is no associated scaling vector field Q available for the system of type ( 11 . 11 ) to help us to control 
the weighted norm. After observing structures inside the phases and the quadratic terms, we choose the 
Z-norm as defined in (11.61) . which is essentially a weighted norm of type. An advantage of using this 
Z-normed space is that we can localize both the spatial position and the frequency. 

From the choice of our Z-norm, we can reduce the dispersion estimate of solution in space 

to the Z-norm estimate of the associated profile of solution. Our main goal is reduced to prove that 
the Z-norm of the profile doesn’t grow in time and has the size of initial data. Although the idea is 
sbaightforward, it is extremely delicate to derive the improved Z-norm estimate. Since there are have 
many very bad scenarios, we need to utilize different sbategies for different scenarios. 

Although this question is very complicated at technical level, we mention three key observations that 
make it possible to close the argument. First key observation is that, we can decompose the phases into 
two parts which have the same sign. For example, 

A(lll) - A(|e + v\)+ A(|r/|) = A(l^l) - A(|e| + |r?|) + A(|r?|) + A(|^| + |ry|) - A(|e + ry|). 

^ V ^ V 

Positive Positive 

Because of this, we have a lower bound for the sizes of phases despite they are of cubic level smallness. 
Essentially speaking, the same sign property holds because A(|^|) is an increasing function and A"(|(^|) 
is a decreasing function. 

Second key observation is that, we can gain one degree of smallness of output in the 1 x 1 —)• 0 
interaction case, see (13.111) in Lemma 13.31 Although this smallness is not strong enough to control 
completely the accumulated 1 x 1 —)• 0 type interaction effect over time but it makes the choice of small 
“a” in the definition of Z-norm possible. The choice of small “a” is important, because of the two facts: 
(i) the gain from the choice of a in the 1 x 1 —)• 0 type interaction corresponds to the loss from the 
choice of a in the 0 x 1 —)• 1 type interaction; (ii) we do not have null sbucture in the Low x High type 
interaction, as the size of symbol is like 1 in the 0 x 1 —1 type interaction. Also because we can gain 
one degree of smallness of output, it makes the improved I? estimate possible, see (15.201) in Lemma l5^ 
This improved I? estimate is very curcial for the case when we can not do integration by parts in time 
or not do integration by parts in “ry”. Lor example, see the case in subsubsection 17 .1 .21 

Third key observation is that, the angle between the output and the smaller input is proportional to the 
angle between the two inputs when the phase is highly degenerated. This fact does not hold for the phase 
which is not highly degenerated, but we do not need this fact for the non-highly degenerated phases. 

* We do have the rotational vector field, but it is not very helpful without the company of scaling vector field for this case. 
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To see above observation, we use the phase rj) and the case when |r/| <C |^| as an example. 

Intuitively speaking, note that A(|^|) can be approximated by |^| — with error of size |,^|® when 

|.^| <C 1, we have the approximation as follows. 


$+’-(e,r?) =A(|C|)-A(|e-r/|)+A(|7 y|) « [|^| - - r?| + 


-g[ir + i^r-ie-^n 




( 2 . 11 ) 


From above approximation, we can see that the size of phase is of linear level smallness, which is not so 
small, if the angle between ^ and —tj is not small. The size of phase is of cubic level smallness, which 
is the worst scenario, if ^ and —rj is almost in the same direction. That is to say, the size of phase highly 
depends on the angle between and “ry” for the case that we are considering. Note that 


VgT'+’ 




V^$+’ 




Recall that |ry| <C |^|. Therefore, if ^ and —rj are almost in the same direction, then ^ and ^ — ry are 
almost in the same direction and ^ — ?y and —ry are almost in the same direction. That is to say, the sizes 
of ry), ry) and ry) are all connected through the angle between ^ and —ry. 

Hence, we will localize the angle between the output and one of two inputs for the case of degenerated 
phases. The small angle helps in most of cases. But one has to be very careful about doing estimates and 
doing integration by parts in “ry” after localizing the angle, as the symbol behaves very badly when the 
derivative “V,,” hits the symbol. 


2.3. Bootstrap assumption and proof of the main theorem. We will prove our main theorem via the 
standard bootstrap argument. The bootstrap assumption is as follows, 

sup {l + t)~^\\{h,A'^l>){t)\\J^No+{l + t)\\{h,A'^|;){t)\\’^Y4,2c + \\e^^^{h + iA'll;)\\z <ei := (2.12) 

te[o,r] 

We split the argument into two parts, which corresponding to the following two propositions. 
Proposition 2.3. Under the bootstrap assumption (12.121 ). we have the following estimate, 

sup (1+ f)“'^||(/r,AV^)(f)||^iVo <eo. (2.13) 

te[o,T] 

Proof. Note that the following estimate holds under the bootstrap assumption (12.121) . 

\\{h,Am)\\w < ll('>,A'/>)(*)ll)(ljl(ft.A^)(()||Jd,. < (1 + 

From (12.11) in Theorem 12.11 the following estimate holds for any t E [0, T], 

||(/r, AV’)(f)||^iVo < Cq + ^ (1 _|_ ~ 

Hence (12.131) holds. □ 


The rest of this paper is devoted to prove the following Proposition, which is sufficient to close the 
bootstrap argument. 

Proposition 2.4. Under the bootstrap assumption ^2.121 and the energy estimate ( 12.731) . we have 
sup (1 + t)\\{h, ATp){t)\\w4,2c + \\U^^{h + iATp)\\z < cq. 

iG[0,T] 


(2.14) 
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3. Some Lemmas 

We have the following lemma on the multilinear estimates, 

Lemma 3.1. Assume that m, m' E S°°, p, q,r,s E [1, oo] , then the following estimates hold for well 
defined functions f{x),g{x), and h{x), 


\m ■ m'Wsoa < II^Ti-llsoo llm^ll^oo, 


r 


JR2 


LP 




r 


-1 


r], a)f{^ - p)h{a)g{p - a)dgd(T\ 


LP 


LphUr if - = - + 

pgr 


^ l|m'||5<-||/||L9|bl|L'-||«||L- 


, fill 
p q r s 

Proof The proof is standard, or see |[23l for detail. 


(3.1) 

(3.2) 

(3.3) 

□ 


To estimate the j,. or the norms of symbols, we constantly use the following lemma . 


Lemma3.2. Fori E {2,3}, if f : 
estimate holds, 


k,ki,k2,k3 

C is a smooth function and ki, - ■ ■ ,ki ^'L, then the following 


2+1 2 


* j=l Tn=0j=l 


(3.4) 


Proof Let’s first consider the case when i = 2. Through scaling, it is sufficient to prove above estimate 
for the case when ki = k 2 = 0. From Plancherel theorem, we have the following two estimates, 

II [ /(6,6)e*^'^^'^^’^'^^'^^+o(6)+(6)++6llL2 < 11/(6,6 )IIl?°, , 

jR2i 1’ 2 “SI’‘=2 

r ^ 

Il(|xi| + k2|)3 / /(6,6)e*("-«^+"^'«^+o(6)+(6)d6+2||L2 , < ^ [l|5|^/l|L^ + l|5g/l|L^], 

4®"' m=0 

which are sufficient to finish the proof of (13.4b . We can prove the case when f = 3 very similarly, hence 
we omit the details here. □ 

So far, we still don’t know explicitly what quadratic terms and the remainder terms are in (11.lb . We 
derive it from (11.4b it here. Let 

B{h)f = [G(/i)6 + V/i • VV'] /(I + I V/i+, (3.5) 

and recall the system of equations (11.4b satisfied by h and f, we can reformulate it as follows, 

dth = A‘^ Ip + A 2 [G{h)'ip] + A>3 [G{h)'ip ], 

1 1 1 r ^ 

<9+ = -h -+ -|A+|2 + -A>3 [(1 + \Vh\^){B{h)P;f 

Define u = h + iAtp and Q{h, f) = A 2 [G(/i)V^]. Very naturally, we have 

u + u , , 


h = 


^ ^ 2i ’ 


2 


(3.7) 
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With above notation, we can derive the equation satisfied by u from (13.61) as follows, 

{dt + iA)u= (3.8) 

where 

r* ICC \/ \/ 

Q^,,(rr^u") = ^Q(n^A-V) + ^A[--n^•-n" + An'^An"], {+,-}, (3.9) 

7^ = A>3[dth] + iAA>s[dA] = A>s[G{h)i;] + fAA>3[(l + \VhA{B{h)i;)% (3.10) 

and c+ := —i/2 and c_ := i/2. 

Lemma 3.3. Suppose that the symbol of quadratic term Q^^v{u^,Ui/) is given by far 

k,ki,k 2 & any p,n ^ {+, —} we have the fallowing estimates 

ifA-k2\ < 10, (3.11) 

\KAi - if - k2\ > 10. (3.12) 

Proof. From (13.91 ) and Lemmait’s easy to see that above estimates hold for the symbols determined 
other than quadratic term Q(-, ■)■ From (12.91 ) in Lemma [A2l we can see that above estimates also hold 
for the symbol of quadratic term Q(-, ■). □ 

We have the following lemma on the L°°-decay estimate for the linear solution. 

Lemma 3.4. For f E we have the following L°° type estimates: 

\A'^Pkf\\L^<{l + \t\rA^’^^^\\f\\Li, ifk>0. (3.13) 

||e'*Vfc/|Uco < (l + |t|)-^2^^||/||^i, O<0<1, iffe<0. (3.14) 

Proof. After checking the expansion of the phase, see (14.11) . we can apply the main result in iflSl [Theorem 
l:(a)&(b)] directly to derive above results. □ 


We will use the following lemma for operators with angular cutoff function very often in the bad type 
phases scenarios. We state it and prove it here. 

Lemma 3.5. For l,k,ki,k 2 E Z, ( < 0, A :2 < ki, and f,g E D fa, we define a bilinear form as 
follows, 

4r2 

where p,^ G {+, —}, m(^, p) E S°°, then following estimates hold, 

\\T{f,g)\A<\\m\\L-^vnin{2^^-A\f\\L49\\L-fa^^^^A\f\\^^^^^^ 

(3.15) 

(3.16) 

\\T{f,g)\\L^ < mm{\\fA\L2\\P~\e-^^^^^A{0A2i0]\\L^, 

(3.17) 
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Proof. • We first estimate (13.15b and (l3.16b .To see the role of the angle vrj), we first do angular 
localizations for two inputs. For any given small number 0 < 2"^ < 1, we can decompose the unite circle 
into the union of angular sections with bounded (with upper bound given by an absolute constant) 
overlaps, where each sector has angular size 2'^. These cutoff functions form a partition of unity. We 
label those sectors by their angles uj = ^/|.^|, use |a;| to denotes the size of angle and use b^{C) to denote 
a fixed standard bump function that supported in this sector. 

With above definitions and notation, we are ready to prove (13.15b . From orthogonality in L^, we have 

|aji|,|a;2|~2*+'=2-l=l 
|aJiibw2|'-2^+^2-fcl 
|cJ31~2^ ? 1^1 — 

X ''Sfa-hlO'-Sfa-hle - fl/'K - (3-18) 

sup ( 3 J 9 ) 

ijj\ .OJo ^ 

CJ3 

In the above summations, wi, 0 J 2 , and ws are all same as listed in the first summation of (l3.19b .We will 
use the following two facts: (i) when sum with respect to 0 ^ 2 , the multiplicity (i.e., how many times it has 
been counted) of the summation is a finite number; (ii) when sum with respect to cjs, the multiplicity of 
the summation is because there are 2 ^i number of sectors i 02 corresponds to the same sector 

0 : 3 . Hence 

Y sup - rj)^ki{C - v)\\l2\\b‘^Hv)'^k2{v)9{v)\\l2 


< 22 ^ 2 H +. p +/ c 2+(||^||2 ^ < 22 ^ H - 2 ^ 2 + 2(||^||2 11 ^ 112 ^ 

CJ 3 

Therefore, it’s easy to derive our desired estimate (13.15b . 

On the other hand, if we first use the size of support of then the following estimate holds 

L.RS.ofdini) <||m||ioo^ 22^+'||/(e-r?)6r_f,^_,^(e-77)V’fcp(e-r?)||i2 

Ldl,LJ2,UJ3 
same as above 


x||^r(^)V'fc2(^)9(^)lli2 < \\m 


I ?00 min 


(E 


OJ 3 


sup 

ui ,u;2 




\\bnv)'tPk2{v)9\\l2, 


a;2 ^ 

<||m||ioc^min{22^+2fcp+2Z||^||2^^||^||2^^22^+(||^||2^||^||^ 

Hence finish the proof of (13.16b . 

• Now we proceed to prove (13.17b . From — L°° type bilinear estimate (13.2b in Lemma [3Hl the 
following estimate holds. 


Km 


< 


\m\ 


^k,ki,k2 


min{^ sup \\f{^ - V)btlk 2 -kii^ - - V)\\l 2 


UJ2 


cjl,a;3 
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X 


T ^[e WaivK^ {v)^k2{^)\\h 


< 


ml 


^k,ki ,fc 2 


mm 


x||7-‘[e-‘“<«-"/K - .()6Sb_b({ - -!)lli»} 

in { IIA. Ili^ ll^-‘ |n-“‘’"fe(i?)l 111-. 2<*‘-‘"i lifelli>II[e-'"'*"'A,{x)llli»}■ 


Hence finishing the proof of (I3.17I ). Note that in above estimate, we used the facts that the multiplicity 
of summation with respect to 013 is and the kernel of symbol belongs L^, where 

l,kez. □ 

Lemma 3.6. For m,k,ki,k 2 , k,1 G Z, t G [2™“^, 2™-], 2“'^ < 2™'“^*^™', and f,g G L?, we define 
bilinear forms as follow, 


Ti{f,g) = 


- - v)gkMdv, 


T 2 if,g) = (g - g)g^^^ (r/)y?;(Z(g, Z 27 ?))dr?, 


t/ien the following estimates hold, 


I| 7 'i(/, 5 )IIl 2 < 2 ""Iklls- sup min{||e ||l“I bfc 2 IIl^, 

’ |A|<2'5"> 


l|e "^^fffczIlL'-ll/fcillis} + 2 '‘^^ll”l||L-J|/feil|L 2 ||pfc 2 llL 2 , (3.20) 

I|7'2(/,5)IIl 2 < 2"''||m||5^ sup min{ 2 (^i“^ 2 )/ 2 ||g-*(i+A 2 ")^/^J|ioo ||l 2 , 

’ |A|<2'5'" 

ll^_,p+A 2 -)A^^^IIl-II||l 2 } + 2-io™-«+"||m||i- \\h, 11^2llpfc, 11^2. (3.21) 

Proof To prove (13.201) . we use inverse Fourier transform to rewrite Ti(/, g) as follows, 

Ti{f,g) = ^ [ [ ??)/£(?- 7 ) 5^2 

Jr Jr2 

where 

£(A) = [ |x(A)| < (1 + |A|)-^o^ (3.22) 

Jr X 

Hence, when |A| < 2'^"*, we use — L°° bilinear estimate (13.21) in Lemma ITTI which gives the first 
part of estimate (13.201) . When |A| > 2”^"^, from (13.221) . x(A) provides fast decay. After using the size of 
support of ^ first and then use type estimate, we derive the second part of estimate (13.201) . The 

estimate (13.211) can be proved very similarly after combining above argument with the proof of (13.171) . 
We omit details here. □ 
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4. Analysis of Phases 

In this section, we will mainly study the properties of phases associated with different types of qua¬ 
dratic terms. Recall that A(|^|) = y^tanh |C||?|- From direct computations, we have 

- 1 


A'{r) = 


2(l + e2’')3/2(e2r- _ 1)172^1/2 


> 0, r > 0, 


A"(r) = 


2e^^(l + 8r2) _ l _ - 8e^W{2r - 1) - 8e2V(l + 2r) 


r > 0. 


4(1 + g2r)5/2(g2r _ l)3/2^3/2 

An important observation is that A"(r) < 0 and A"(r) = 0 if and only if r = 0. To show this fact, we 
only have to prove that the numerator is nonpositive. We define f{r) to be the numerator of A"(r) and 
then have the following decomposition, 

/(r) := g{r) + h{r), g{r) := 16e^^r^ — 8e®^r^ — 8e^^r^ = —8e^^r^(e^'’ — 1)^, 

h{r) := 2e'^'’ — 1 — e®'" — 8e®^r(r — 1 ) — 8e^^r(l + r). 

Obviously, g{r) < 0 and g{r) = 0 if and only r = 0. It remains to check h{r). After taking up to four 
derivatives for h{r), we have = 0 for n E {0,1,2, 3}, and the following estimate holds, 

7i(4)(r.) = -1286^^(5 + 5r + -p 27e^^(r + Sr^) -p 326*^^ - 27e'^'’ - de^'’) < 0, 

hence h{r) < 0 and h{r) = 0 if and only r = 0. 

The asymptotic behavior of A(r) at 0 and oo can be described as follows, 

limA'(r) = l, lim A'(r)r^/^ =-, A(r) = r —-r^ + o(r^),if r <C 1. (4.1) 

r—>-0 r —>00 2 6 

Now, we proceed to consider the phases associated with the quadratic terms. Recall that they are given 
as follows, 

;= A(l^l) -M(ll - f?l) - i^A(|t/|), /i,zy e { + ,-},!,?? e M^. 

As an example (other types can be analyzed similarly), we analyze the phase given as follows, 

A(|?|) - A(|? + V\)+ A(|??|) = I + II, I := A(|^| + |r?|) - A(|^ + g\), 

II :=A(|C|) + A(H)-A(|e| + N). 

As mentioned in the Introduction section, an very important fact in above decomposition is that both I 
and II are positive, which can be derived from the fact that A'(r) > 0 and A"(r) < 0. 

Note that I is zero if and only if ^ and g are parallel and in the same direction. Now, we proceed to 
estimate the size of II. Define 


/(r, s) = A(r) + A(s) — A(r + s), 0 < s < r, 


fhen, we have 


/(r, s)= f [A'(ri) - A'(s + ri)]dri = f f -A"(ri + T 2 )dr 2 (iTi > 0. (4.2) 

Jo Jo Jo 

Nofe fhaf, if r < 1, fhen —A"(r) ~ r, and if r > 1, fhen —A"(r) ~ 7--3/2 pj-om (14.21) . we can see fhaf 
fhe following esfimafe holds if r, s < 1, 

r‘^s < f{r,s) < r^s. 
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If S < 1 < r, then we have 


[ [ -A"(ri + T 2 )dTidT 2 < f{r, s) < A(s) < s. 

Jl/2 Jo 

ave 

f -A"(ri + T 2 )dT 2 dTi < /(r, s) < A(s) < |s| 2 
J sl2 


S < 

’1/2 Jo 

At last, if 1 < s < r, then we have 


S2 < 


' s/2 Jsl2 


To sum up, we have 


/(r, s) ~ 52 min{s, 1 } 2 min{r, 1 }^, 0 < s < r. 


(4.3) 

With warming up from above discussions, we are ready to proceed into more comprehensive analysis. 


Lemma 4.1. For ki,k 2 ,k,l £ Z, I < 2, k 2 < ki, ii,i' £ assume that |^| 2^,\i - r]\ 


2"Mr?| 2^2. We have the following estimates on the size of phase. Ifk2<ki — 5 , we have 

|A(|C|) - A(|C - r?|) - uA{\rj\)\MAC, ’^v)) ~ 2^^ max{2-"i'+/2+2^, 2-"2'+/2+2fcL-}, (4.4) 

IA(iei) - M(ie - ^1) - aA{\r,\)\MAC, ’^v)) > 2^^ max{2-^i.+/2+2^ (4.5) 

If ki — 5 < k2 < ki, we have 

|A(|^|) - A(|e -v\)+ A{\rj\)\MA^, -V)) ~ 2^ max{2-"+/2+2^i.-, (4-6) 

|A(|^|) + A(|| - ri\) - A(|r?|)| ~ 2(^+^-)/2, (4.7) 

|A(|^|) - M(ll - ^1) - aA{\rjm{Z{C, op)) > 2^ max{2-^+/2+2fci.-, (4-8) 

We also have several estimates on the gradient of phase. Ifk2<ki — 5 , we have 

2-A:i,+/2+max{/,2fci._} < | A'(|^ _ _ ^.A'(^ |(Z(^, (4 9) 

If ki — 5 < k2 < ki, k < ki — 5 , we have 

+ V(\^\)2L\4,,(A(,<'v)) ~ (4.10) 

|A'(I« - - A'(lol)i^|*(A(£, I'D)) ~ 2-'“'+'7 (4.11) 


Proof. As in the assumption, |^| ~ 2^, |^ — t/| ~ 2*^i, and |t/| ~ 2 ^^ omit the frequency localization 
functions in the following for convenience, but readers should keep the sizes of frequencies in mind. 

• We first prove (14.41 ) and (14.51 ). Recall that A :2 < ~ 5, if 12 = —, then the following estimate holds 

from (14.31 ). 

|A(|{|) - A(|5 - ,1) + A(,)|*(A(?, -I?)) = [A(|«l) - A(|{| + kl) + A(k|) 

+A(|{| + |,|)-A(|J-,|)]*(Z({,-,))~2<‘"+‘’"->A'+“'-+2-'=''+A'||J| + |,|-|J-,!]*(/({,-,)) 

^ 2(^2+fc2.-)/2+2fci,_ _j_ 2”fcl.+/2+fc2+21 ^ 2^2 ixiax{2~^^’+(^~*~^^ 2“^2,+/2+2fci,_ I 

If zz = +, then the following estimate holds from (14.31 ). 

|A(|?|) - A(|^-r/|) - A(|? 7 |)|Vzz(Z(^,? 7 )) ~ [A(|^-7y|) - A(|^ - r/| + |r/|) + A(|? 7 |) 

+ A(|^ -v\ + \v\)- A(|?|)] fiAA v)) ~ + 2-"i.+/2[|e - ,^1 + \p\ - miAA V)) 

(4.12) 
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^ 2(^2+fc2,-)/2+2fci^_ _|_ 2”fci,+/2+A:2+2; ^ 2~^2,+/2+2fci,_| 

When /i = —, the size of phase is bigger than the case when /r = +, hence (14.51) holds. 

• We move on to prove (14.61) . (14.71) . and (14.81) . Note that fci — 5 < /c 2 < ^i- If = —, then the 

following estimate holds from (14.31) 

|A(|{|) - A(|{ - V\) + A(|,|)|*(Z({, -,)) ~ [A(|{|) - A(|,| + Ifl) + A(|,|) 


+A(|,| + IJI) - A(|j-.,|)]*(Z({, -n)) ~ 2<‘+'=->/2+2'=..- + 2-‘>.+/2[|{| +1„| -1{-,|]*(ZK, -n)) 

^ 2{k+k-)/2+2ki^- _j_ 2”fci,+/2+fc+2Z ^ 2 ^ 

As k 2 < ki, the following estimate holds, 

2ik+k.)/2 < ^ ^(1^ _ ^1) _ ^ 2-^i.+/2||e -v\-\v\\< 2("+"-)/2. 

In other words, desired estimate (14.71) holds. Since the case when (/r, u) = (+, —) is the smallest, it is 
easy to see (14.81) holds. 

• We proceed to prove (14.91) . Note that 

t 2 r])) ~ max{|A'(|^ - v\) - A'(|??|)|, - -q, i^q)}, 

(4.13) 

and the following estimates hold when k 2 <ki — 5, 


Z(^,zz7y) ~ Z(^ - q,vq), 

2 -/o.+/ 2 + 2 fci,_ < |A"(^)|dr<|A'(|e-r?|)-A'(|r?|)|< ''\k"{r)\dr . 

J\i-r,\l2 70 

Hence, it’s easy to see (14.91 ) holds. 

• We proceed to prove (14.101). The estimate (14.131) also holds. Recall that 0 < ICI < 1C - ??| ~ \v\- 
Hence, if |C ~ 7l = Idl then the angle between C and q can’t be zero; meanwhile, if ^ — q and q are 
parallel, then |C — ?/| / Ivl- Note that 

Z(C, i^q) = 2\k <ki-f>,^ Z(C - q, -q) ~ ~ 2^-^i.-+'-'=i.+, (4.14) 

|A'(|C - q\) - A'(|r?|)| ~ -q\-\q\\. (4.15) 

From (14.141 ). we know that (14.101) holds if I > 2ki- — 10. It remains to consider the case when I < 
2ki^- — 10. As the angle between C and vq is very small in this case, we have | |C “ ^1 “ 1^11 ~ 2^, which 
further implies our desired estimate (14.101) by combining (14.131) and (14.151) . 

• At last, we prove (14.111) . After observing that {q — i)/\q — Cl and q/\q\ are almost in the same 

direction (their angle is less than 7r/2) as /c < ki — 10, it’s very straightforward to see our desired 
estimate (14.111) holds. □ 


Lemma 4.2. For ki,k2,k,l E Z, ( < 2, /c 2 < ki, fi,i2 G {+,—}. we localize frequencies as follows 
Id ~ 2^, 1C ~ f/| ~ 2*^1, \q\ ~ 2^^. Either if k2 < ki — 5, n = — or if k < ki — 5 < k2, fJ-k' = +, we 


have 


/ V;4»/^’"(C,z?) 


V^4»^’^(C,T?) \ ^ k,+k^,+/2 

4>/^>^(C,r/) / ~ 


(4.16) 


r\ki—k2 





|V,4>M.-(C,r?)|2 


|V,chM'-(C,r/)|2 J 


TpliZ{C,Uq)) < 2-^2-2max{Z,2fci,_}+fci,+ _ 


(4.17) 
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Either if k 2 < ki 


b, ^ = +, or if k < ki — f) < k 2 , , 


( 2 '^ 


+ 2 ^'^ 

V^<I>^’"(e,r?) 

\ 



ry) 


we have, 

/ rs-i 1 


(4.18) 


2^—fc2 

77) 

1 


- 



|V,<h/^'-(^,7?)|2 J 




(4.19) 


Proof • We first prove prove (14.161) . Under the assumption that A :2 < A:i — 5, /r = — or /c < /ci — 5 < 
k 2 , = +, we have 

V)\ > 7])\ + I r/)| < 2-^^’+/^ holds. 

• We proceed to prove (14.171) . Note that the worst scenario is when Vg or V^y hits the numerator of 

(C — 'n)/\C ~ v\ or h/lhl of r/)> as a result, the following estimate holds, 

\d^dr,^>^’'^{C,v)\ < (4.20) 

For the case we are considering, either estimate (14.91) or estimate (14. 11 1) holds for Combining 

(14.201) . (14.91) and (14.1 II) . we can see our desired estimate (14.171) holds. 

• We proceed to prove (14.181) . If k 2 < ki — 5 and /r = +, then from (14.51) . (14.91 ). and (14.101) . we have 






hence. 


4>/^’^(^,?7) 


+2*^2 




'itr]) 




^ sup 
l<2 


}kl 


V5$^’"(e,r/) 




+ 2 ' 


k2 




'Ah) 


$M,-(e,ry) 


'tpl{Z{^,ur])) 


< 9 max{/, 2 fci }— 2 max{/,/ci }+fci +/2 9 —fci +A:i +/2 


(4.21) 


K2 


Therefore (14.181) holds for this case. If A: < fci — 5 < 7:2 and fiu = —, then from (14.81) . (14.91 ). and (14.101) . 
we have 

> 2"+2maxF,fci._}-fci.+/2^ \V^^'^’'^i^,r])\MA^,^r])) < 


|V^4>^’^(e,r/)|V’i(Z(^,i^r/)) < 2'=-^i+“‘^^{f2fci,_}-fci,+/2_ 

Same as we did in the estimate (14.211) . it’s easy to see (14.181) also holds for this case. 

• We proceed to prove (14.191) . The proof and the estimate are exactly same as (14.171 ) except when 
k < ki — 5 < k 2 and = —. For this case, we have 

= -f*(A'(|.( - «l)i^ - A'dol)]^), (4.22) 

hence 

|959^cl>^’"(^,r?)| <2-^i-^r+/2^ (423) 

|9,5,4,/4.-(C,7?)| < sup \dAAW\))\\\v\ - l^-?l| < (424) 

|o-|~2'=2,|/3|=3 

Combining (14.231 ) and (14.241) with estimate (14.101) in Lemma l4~n we can see the desired estimate (14.191 ) 
holds. Therefore, finishing the proof of this lemma. □ 



































































20 


XUECHENG WANG 


We proceed to study the phase associated with the cubic terms, which generally has the following 
form, 

:= A(0 -/iA(^ - r/) - zyA(r/- 0 -) - rA(cr), n,u,Te {+,-}. (4.25) 

The structure inside the phase ry, a) is very delicate when all frequencies are comparable, as 

both rj, a) and rj, a) could be “0” (see also subsection l7.3l) . However, when two 

inputs are not comparable, the structures inside the phase can be summarized as the following lemma. 

Lemma 4 . 3 . Assume that |^| ~ 2 ^, |^—?/| ~ , |?7| ~ 2 ^'^, \ 'n~^\ ~ and |(t| ~ 2^2, k, ki,k2, k[, k'2 E 

Z, ^2 < k'y Either ifk<k2 — f><ki — Aorifk2<ki — b<k — A, then the following estimate holds, 


> 2-3fel,+/2+fci,_+fc2,_^ (^4.26) 

- 2a) > 2 - 3 ^ 1 ,+/ 2 +A:i,_+f^ (4 27 ) 

- 2fT) > , (4.28) 

for any I < k 2 - — 10. 

Proof From (14.251) . we have 

= vh'{\ri - cr|)-p —— - tA'(|ct|)t^, (4.29) 

|ry — a\ |cj| 

V^4>^’‘^’"(e,r?,a) = M'(^ - 4^ - ^A'(7y - a)^^. (4.30) 

\^-rj\ k-o'l 

Therefore 

I Vct< 1 >^’'^’'^(^, r},a)\ > max{ 2 “^^i’+'^^ 2 ^i.- | |r/ — (t| — |(t| |, Z{r] — a, ura)}, (4.31) 

I r/, ct)| > 2-3—1^1.+A1,+}/2 niax{2 ”""«.-Ai.-} | _ a| |, - a))}. 

(4.32) 


Note that when z/r = — and Z{r] — a, ura) < 2~^, we have I 7 — cj| — |cr| ~ |? 7 |. From (14.311) . now it 
is easy to see our desired estimate (14.261) holds. 

When VT = +, we know that |?7 — cr| — |cj| and Z{r] — a, a) cannot be small at the same time when a 
is away from rj/2. More precisely, the following estimate holds, 

2^'^’-\\V - cr\ - kll + A( 7 y-cj,(T) > , if|r/-2cr| > 2^. 

Combining above estimate with (14.311) . it is easy to see our desired estimate (14.27b holds. When a 
is very close to r//2, we have rj — a ^ r\/2. As either |r/| <C \C — h\ or Ivl ~ 1'^ “ ^l> we know that 
\C-v\- \v-(^\ I'NJ |.^ — ri\/2. As a result, from (14.32b . our desired estimate (14.28b holds. □ 

5. The Set-up of The Improved Z-norm Estimate 

In this section, we introduce the set-up of doing the improved Z-norm estimate for the solutions of 
(13.8b . which further enables us to derive the improved L°° estimate from Lemma [T4l The argument 
is reduced naturally to control the following three parts: good type quadratic terms, bad type quadratic 
terms and remainder terms, which will be specified in this section. We will deal with each of them 
separately in section 0|7] and [H 
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5.1. The set-up. For any fixed k £'L,'we define associafed sefs as follows, 

xi •= {{ki,k 2 ) : ki,k 2 & Z,k < max{A:i, ^ 2 } - 5 < minj/ci, ^ 2 }}, 

Xk ■= {iki,k 2 ) : ki,k 2 G Z, min{A:i,/C 2 } < k - 5,\ max{ki,k 2 } - k\ < 4}, 

Xk ■= {{ki,k 2 ) '■ ki,k 2 G Z, A; — 5 < min{A;i, ^ 2 } < max{A:i, /C 2 } < A; + 5}. 

The sef Xk corresponds fo fhe High x High inferacfion wifh fhe very low frequency oufpuf; fhe sef x\ 
corresponds fo fhe Low x High and fhe High x Low fype inferacfion wifh a very low frequency inpuf; 
fhe sef Xfc corresponds fo fhe fype of inferacfion where fhe frequencies of fwo inpufs and fhe oufpuf are 
all comparable. From fhe symmefry befween fwo inpufs, we assume fhaf ^2 = min{ fci, ^ 2 1 in fhe resf of 
this paper , otherwise we can do change of variables to switch the roles of ki and k 2 . 

Recall the equation satisfied by u in (13.81) . we define the associated profile of u as f{t) := 
and then rewrite the equation (13.81 ) in terms of profile f{t) as follows. 


dtf= 


(5.1) 


where TV = and the bilinear operator ■) is defined as follows. 




dK2 


T], rj)drj 


In later argument, we will find that the decomposition of time interval contributes a “log t” growth for 
the endpoint of the case ^ = 2 t/. This growth caused by technicality can be avoid by doing the following 
normal form transformation at the very beginning as follows. 


v{t):=u{t)+ ^ ^ 

k,i'&{+,—} fceZ,(A:i,fc2)€x| 

where the symbol •) of •) is defined as follows. 


mnuii - V,v) ■= —- 


qkAi-'n,'n) 


(5.2) 


(5.3) 


Define g{t) := e**^u(t). From (15.11) and (15.21) . we have 

g{tA) = I{tA)+ X] 

fceZ,(fci,fc2)GXfc * 

From estimate (15.61) in Lemma |5Tj we can see that the Z-norm of f{t) and g{t) are comparable. 
Hence, it would be sufficient to prove the following estimate to close the argument, 

sup lb(A2)-p(ti)||z<2-'5™eo, [2—\2™+i]c[0,r]. (5.5) 

il,t2G[2’"-T2"*+l] 

In the rest of this paper, time “A” will be naturally restricted inside the time interval [2™“^, 2^^ A where 
“m” is a fixed and sufficiently large number. 


Lemma 5.1. Under the bootstrap assumption (12.121) . the following estimate holds, 

sup II Y e**^^M,^Ki(^),<2W)|lz ~ ^0- (5.6) 

-}fcGZ,(fci,fc2)ex| 
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Proof. The proof of this Lemma requires the techniques established in section |7] Hence we postpone the 
proof to subsubsection 17.3.31 □ 

From the definition of Z-norm, the bootstrap assumption (12.121) . and the linear decay estimates in 
Lemma [T4l we have the following estimates, 

( 2 -^°^+ 2 ^™eo ifA :>0 

\\Pkf{t)\\L^ < { (5.7) 

I E,>-fcllQLi/llL 2 < 2 (i-“)"ei iffc< 0 , 

WMOh^ < 2-“"-6^+ei, ||e-*‘^Pfc/||ioo < 2-“^— ( 5 . 8 ) 

Note that the L°°- estimate in (15.81) is not sharp when k is sufficiently small. There is another way to 
estimate it by choosing 0 = 1 — 2a/3 in (13.141) in Lemma [T4l As a result, the following estimate holds, 

WP'^'PkfWL^ < 2 —+“-/32“"||/fc||ii < if ^ < 0 . 

To sum up, we have the following linear decay estimate at low frequency part, 

||e“**^Pfc/||L- < min{2-™-“^ 2-(i-“/3)”^}ei, if A: < 0. (5.9) 

5.2. Splitting the quadratic terms. In this subsection, we split the quadratic terms into two types, good 
type and bad type, based on the properties of their associated phases. For good type phase, the size of 

phase is not highly degenerated. For bad type phase, the size of phase is highly degenerate but the two 

types of angle inside r/) and r/) agree. One of them proportionally decreases to 

zero as the other one decreases to zero. With this key observation, we can utilize the fact that the angle 
is very small when a bad phase is highly degenerated. 

From the normal form transformation that we did in (15.21) . we know that quadratic terms with {ki , ^ 2 ) G 
are canceled out. We only have to consider the case when {ki, ^ 2 ) G Xfc U xi- 

5.2.1. Good type phases. Recall that phase p) is defined as follows, 

<h^’‘^(C,r?) = (A(|e|)-M(ie-7l)-^^A(l^l)). 

If is easy fo verify fhe following esfimafe holds when /c 2 < /ci, 

~ 2*^l/2+A:i,-/2^ ^ G xl, (5-10) 

V)\Mm, (C - V)^k2 id) ~ 2"A2+A:i,-/ 2^ e ^ e ^2_ 

From (15.101) and (15.111) . we can see fhaf (he sizes of phases in various scenarios are nof highly degen- 
erafed. We refer above menfioned scenarios as good (ype phases in lafer confexf. 

5.2.2. Bad type phases. For fhe ofher possible cases fhaf were nof menfioned in previous subsubsecfion, 

we call (hem bad fype phases. For simplicify, we drop frequencies localizafion functions in fhe following 
confexf buf one should remember fhaf |^| 2 ^ \^-v\ 2^1 and \p\ ~ 2*^2 (ki, ^ 2 ) G Xfc U xl and 

k 2 < ki. Nofe fhaf 

tf) = A'(|f|)L _ ^A'df - 
D) = M'(|{ - 

If (urns ouf fhaf fhe relative size befween Vg<l>^’^((^, p) and V^<h^’^(^, p) plays an essential role (o close 
(he argumenf. Hence if is necessary fo consider fhe relation befween p{^ — p)) and Z{p{^ — p), vp) 
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with the angle Z(^, urj) dyadically localized and fixed. We will see that, in the bad type phases scenario, 
these two angles agree and their sizes are proportional. 

For {ki,k2) G xl and (/x, v) G {(+, -), (-, +)}, we have v = -^ and 

- >?)) ~ ^ = 2‘-‘V(£, I-,,). 

For (fei, /C2) G and (/x, v) G {(+, -), (+, +)}, we have ^ = + and 


Z(^ - ~ Z(^,zyr/), Z(^,^-r/) 




To sum up, from above discussion, (15.11) and (15.41) . we can rewrite the equation satisfied by fhe fre¬ 
quency localized profile g{t) as follows. 


dt9k= E E E T^^'''{fk,jk,)+Pk[n']+ E E 


-1 


*—1,2,3 {ki,k2)&xl 


xi,i*e{-i-,-} ki,k 2 exk 




X [ - - v,v)fkAA- v)fkA’A + - v,v)dt{fkAA- v)fA^,v))]dv 

= goodj^{t)+hadkit) + Pk[TZ'], (5.12) 

where 

good,(f)= E (5-13) 

badt{t)= r'‘'‘’(/£‘,./&)+ E E ^"‘Z'‘’''(/£./b)]. (5-14) 

iki,k2,tJ,,iy)&P^^^ {ki,k2)£Xk } 

where P^^^^ and denofe fhe sef of possible combinafion of (fei, ^ 2 ) and (/x, u) as follows, 

Pgood = Xfc X {( —, —), (+, +)} U Xfc X {( —, —), ( —, +)}, 

"^bad = Xfc X {(+, —), ( —, +)} U Xfc X {(+, —), (+, +)}, 

and bilinear terms •) is defined as follows, 

K^’’'ifk,Jk2) = j - V,v)dt{fkAA - v)fA^,r]))dv. (5.15) 

From (15.121 ). fhe following idenfify holds, 

Pkg{t 2 ) - Pkgih) = f good,^{t) +badfc(f) + Pk[n'{t)]dt. 

Jt\ 

Hence fo prove (15.51) . if will be sufficienf if we can derive fhe following fwo propositions. 

Proposition 5.2. Under the bootstrap assumption (12.121 ) and the energy estimate (12.131 ), we have the 
following estimates for the remainder term TP: 

sup sup ! Pfc[7^'(^)]d^||Bfc,,. < 2"'^™eo. (5.16) 

sup ||7^'(^)||z + 2-(l-^)'=+^”^||Pfc(7^'(^))||i2 + ||^(^,OI|L- <2-”^eo, 0G[O,1]. (5.17) 

XG[2"*-i,™+1] 
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Proof. Postponed to section [8] □ 

Proposition 5.3. Under the bootstrap assumption (12.121) and the energy estimate (I2.13I ). we have follow¬ 
ing Z-norm estimates for any ti,t 2 £ [2™“^, 


rU 


sup 2^^\\ goodk{t)dt\\B^j <2 ^'^eo, 
k£ljj>msi^{—k,0} J ti 


rt2 


sup 2"^^ II / badfc(t)dt||B;,,,. < 2 

kGl^,j>raayi{—k,0} 


(5.18) 

(5.19) 


ftl 


Proof In section 0 and |7l we will mainly prove (15.181) and (15.191) respectively under the assumption that 
Proposition l5.2l holds. □ 

Lemma 5.4. Under the bootstrap assumption (12.121) . the energy estimate (12.131) and ProDosition \5.2\ the 
following estimates hold, 


sup sup2 '^||/fc(A,x)||i 2 < eo, 

(5.20) 

te[o,T] fcez 


sup sup 2 "^||at/fc(i,x)||i 2 < 2“”'eo, 

[2""-l,2’"+l] feez 

(5.21) 

sup sup||/fc(t,OI|L“ < 2^'^™eo. 

(5.22) 

te[2™-l,2"*+l] A;<0 


— L°° tvpe bilinear estimate (|3.2|) in Lemma 13.11 (13.111) and (13.121) in 


sup 2-^\\Pk[n']{t)\\L2 


Lemmaand (15.171) in Proposition 15.21 the following estimate holds, 

sup sup2-^||5 ^ 

te[ 2 ’"-i, 2 ’"+i] fcez 

+ E 2-"+"+"^’+||/A:,(f)||LH|e-**^AlWI|L-<2-”^eo+ 

^ 2 ^^! k2^ki 

(5.23) 

Recall that the initial data belongs to L^, hence initially it is of size eo- More precisely, 

sup2“*^||/fc(0,x)||i,2 < 11/(0,x)||ii < eo- (5.24) 

k£Z 

Combining (15.241) and (15.231) . it is easy to see our desired estimate (15.201) holds. From (15.11) and the third 
estimate in (15.171) . the following estimate holds straightforwardly for any A; G Z, A: < 0, 

ll/fe(A,0IU|° ^ 2^™eo+ II / 

A‘,i^G{+,—},A:i,fc2GZ 

For the quadratic terms, we do integration by parts in time when —2m < ki,k 2 < 2/3m. Note that there 
are only cases. From estimates in Lemmaand Lemma l4~n we have 


$M,^^(^,r/) 


2fci, —+3/i;i,+/2 




Therefore, from above estimate, type estimate, (15.231) and (15.201) . we have 


E 

/2,L'G'[ + , — },/ci,fc2^^ 


f 


(e,r,) 


q^,A^ - V, h)fk^ (s, C - r])ff^ (s, p)dpdsHLi 


< 


E 


k2^—2m,or ki>2/3m 
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x2"+"i.+ sup \\fkmL4fk,mL^ + 

t<2"* 


E 


2 /c—min{fc,fc2}—2fci^_+3fci^+/2 


—2m<k2^ki<2f3m 


sup \\fki{t)\\L 2 

t<2^ 


—27n<k2<ki<2l37n ^ 


+ \\fk4s)\\L4dtfk4s)\\L4ds < < 2^^^eo. (5.25) 

Now it is easy to see our desired estimate (15.221) holds. We can see that it is better than the first estimate 
in (15.81) when k is sufficiently small. □ 


6. The Improved Z-norm Estimate: Good Type Phases 

In this section, we estimate all bilinear terms listed in (15.131) . We let j to be fixed and consider all 
possible scenarios. We expecf the argument used in this relatively easier case can help readers to get 
familiar with how this argument works. 

6.1. When (fei, /C 2 ) £ (m, 4 £ {(—, —), (+, +)}• Recall that k 2 < ki. We first use type 

bilinear estimate (13.21) in Lemma 13.11 and (13.111) in Lemma 13.31 to rule out the very high frequency of 
inputs as follows, 

II rT^^'4fk,4k4dt\\B,, 

(fci,fc2)exi>fc2>((l+<5)i+(5m)/(7Vo-8) 


< 

r\j 


E 


^Q;fc+6fcq_+m+J' 




{ki,k2)&Xk^k2>{(l+S)j+Sm)/{No-&) 


^k,ki ,k2 


\e **^Lfci/||i,°° I 


Pk2f\\L^ 


< 


E 


2CK/c+6fc++m+j+2/c2—^2 >2—Sm—Sj 


^0- 


{fci,fc2)GXfc>fc2>{(l+'5)j+(5m)/(Ao-8) 


Then we rule out the very low output frequency. We first use the size of support of ^ and then use 
type bilinear estimate (13.21) in Lemma l3T] to derive the following estimate. 


sup 

—j<k<-{l+S)(m+j)/{2+a) 


E 

iki,k2)&Xk 


fi2 


T^’4fk,Jk2)dt\\ 


B. 


k,j 


< 

rs_/ 


sup 

—j<k<—[l+S)(m+j)/(2+a) 


E 2“'=+“++'"+3+‘||«,.„(£ - _ .J|A,/||i.||A,/||i. 

| fci - fc 2|<10 


< sup 2 ^ 2 +a)k+m+j ^2 < 

—j<k< — {l+5)(m+j)/{2+a} 

Therefore, it is sufficient to consider fixed k and ki in fhe following range: 

- (1 + 6){m + j)/{2 + a) < k + 5 < ki < {{1 + 5)j + 6m) /{Nq - 8), 
since we have af mosf (m + cases in fofal, which is only a logarifhmic loss. 


(6.1) 
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6.1.1. If j > (1 + 20(5)m. We first do spatial localizations for two inputs and then have the following 
decomposition, 





jl>-kl-,j2>-k2,- 


In the rest of this paper, we use the convention that {ki,ji) and (^ 2 ,^ 2 ) are naturally restricted in J' even 
without explicitly written. If min{yi, j 2 } > J — — Srn, then we have 

E II < E 2”*+”+^ 




K2,J2 I 


^ r)m+25m,— (l—25)j^ ^ r,—25j—25m^ 
^ ^ ^ ^ eo ^ eo 


It remains to consider the case min{ji, J 2 } < J — Since \ ki — k 2 \ < 5, we can assume that 

ji = min{ji, j 2 }> otherwise, we can simply do change of variables to switch the roles of ^ — r/ and rj. 
For this case, we can do integration by parts in to see rapidly decay. More precisely, after integration 
by parts in time once, we have 


I‘t2 


T^^’'^{fk„nit)Jk2,j2it))dt 



C,r]))dr]dCdt, 


where 


Note that 






X + T]) 

X + 77)p ' 


|V«<i>t‘'-(e,r?)| <1 


X + r/)|2 


Aj{x) ~ 2 f 


(6.2) 

(6.3) 


Hence, we can gain 2“^ if we do integration by parts in once. We also need to find out what the 
maximal loss is. If Vg hits input (•), then we lose 2^^. If hits the cutoff functions or the symbol 
X, 77 ), the total loss is at most max{2“*'i, 2“^, 1} and this can be derived from (14.201) . (14.241 ). 
and (13.111 ). Since ji > max{—/ci, 0}, we at most lose max{2'^E 2“^}. Therefore, the net gain of doing 
integration by parts in once is max{2“'^+'^i, 2“-^"''^} < 2“'^-^“'^™. Note that we used the fact that 
j + k > 6j + 6m, which can be derived from (16.11 ). We can do this process as many times as we want 
to see rapidly decay. As a result, we have the following estimate after using L“^-norm of symbol and 
— Lf type estimate. 


rTf^’^{fkunit)Jk2j2it))dt (6.4) 

Ju 


which further gives us 


min{il J2}<i-<5j-<5m 


Therefore finishing the proof for this case. 
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6.1.2. If j < (1 + 20(5)m. For this case, we have 

A: + 5 < fci < ((1 + 5)j + 6m)/{NQ — 8) < /3m, /3 := 1/980. 


Note that 

Jti Jt\ 

we do integration by parts in time once for above integral and have the following identity, 

n rT>^’''{fkAt)jk,{t))dtm = (^.s) 

•^*1 i=l,2 


where 

End^;X = (-1)*“^ / - V,v)i^kA^ “ v)i^k2{r])dr], (6-6) 

’ 2 R 2 

'^kl%= [ / f^{'^^^-v)dtF[t,r])m^^y{i-r],ri)'4)kr{i-r])fk2{ri)d'ndt, (6.7) 

</ ti J 

'^kl%= [ / -V,v)i^ki{^-V)'^k2{v)dvdt, (6.8) 

</ ti ■/ 

and the symbol •) is same as in (15.31) . 

From Lemma[321 (13.1 II) and (13.121) in Lemma (15.101) . and (14.161) in Lemma l4~2l we know that the 
following estimate holds uniformly, 




k,ki,k2 


c;;;^ 2 ^/ 2 +fc —/2 + 3fcl,+ —/ci c;;;^ 

r\j r\j 


(6.9) 


From L? — L°° type bilinear estimate (13.21) in Lemma ILTI (15.211) in Lemma |5]4] and (16.91 ). we have the 
following estimate if ki < —A/dm or k < —40/3m, 


E iiEK; 


ki,k2 


+ II 


fcl,fc 2 


2 = 1,2 


< 2afc+6fc++i+3/3m||j^j|^^||g-i4Aj^^||^^ 2"*^+6'=++3+”^+3/3™^ 


It remains to consider the case when ki > —Afdm and k > —ADfim. 

• Estimate of endpoint case. For this case, we first do spatial localizations for two inputs and have 
the following decomposition. 


En<l£X 


E 

jl>-ki,- ,j2>-k2,- 


End^’""’* 

^^^kljuk2j2’ 


( 6 . 10 ) 


End^’^’* 

^^^kujl,k2,j2 




i 






32' 


{ti,vi)m^^y(f - r],r])dri. 


We first consider the case when max{ji , j 2 } > m + k + ki — Ajdm. From the — L°° type bilinear 
estimate (13.21 ) in Lemma [37T] and (16.91 ). we can put the input with larger spatial concentration in Lf and 
the other one in L°°. As a result, the following estimate holds. 


E 


l|En< 


fci.il,(=2,72 lim.i 


maxfji j 2 }>Di+fc+fcl—4/3m 


< 

r\j 


E 


2a/c+6fc++j+3/9m 


max{jii,j 2 }>m+/c+/ci —A(3m 
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Then we consider the case when max{ji , j 2 } < fn + k + ki — Af3m. Note that, we only have at most 
m? cases to consider. Hence, it’s sufficient to consider fixed ji and For fhis case, we do infegrafion 
by parfs in “ 77 ” many times fo see rapidly decay. More precisely, afler infegrafion by parfs in rj, we have 
fhe following idenfify. 


End 


ki,ji,k2,j2 


(-ir^ 

ti 



v)fk2,j2^'^i^'n)1^^^A^ - v,v))dv, 


( 6 . 11 ) 


-r],r]) = 




( 6 . 12 ) 


If Vr] hifs fki,ji and fk 2 ,j 2 ’ ^1 mosf lose k fci+ 5 fci,+/ 2 _ jj: j-j^g symbol •), 

fhen from estimates (14.171) and (14.161) in Lemma |4~^ we at most lose +. Therefore, through 

integration by parts in “ 77 ” once, we can gain at least 2 “^"^ as the total gain is 2~^ but the total loss is 
at most r[ickx.{ 2 ™^^^'^d 2 }-k-ki+bkx^+/ 2 ^ 2 - 5 A;i,_+fci,+j ^ 2 ™-^™. We can do this process many times to 
see rapidly decay, more precisely, the following estimate holds. 


E 

m ax { j 1 , J 2 } < +fc+Ai 1 — 4/3 m 




< 


E 


10m 


II/a:i ji IIl^ ||//c2 J2 111/2 


maxlji /c+Zci —4/3m 


r\—25m—25j^ 


• Estimate of i € {1, 2}. After plugging in the equation satisfied by dtf and doing dyadic 

decomposifions for fhe quadrafic terms of dtf, we have 


jkL,V,i 

"^kiM ~ 


,fc' 

’* + JRfcl,fc2’ 


K,,i 

E 


^3i-J'iJ2 ’ 






3[ 

1 

Al 

1 

Al 

-,ji>-ki,- 



^3[d2 ~ ^ 

m, 

3^ 


T,K,i 

' E 


e{i,2}: 

(6.13) 






J 2 — ^2, 

- 



where 










= r f [ 

Jti 7r2 7r2 


t") T.K //- 

Afki 

A‘'{- 



{t, a)dr]dadt, 

^/2,Zv',r,K,2 

3i'i3\i32 

= /‘7 f e«r" 

Jti 7r2 7r2 


j) T.n /> 




-^)Ci2 

{t, r])dr]dadt, 


ki,k2= [ [ A'^'^'''^^’'^A>^{t,^-r])n"^{t,r])mf,^^{C-v,vAkAC-vAk2{v)dvdt, 

Jti 7 r 2 

li,k2 = [ [ ^ - ri)f^{t, v)mf,,uA “ V, vAki A “ v)A2 {v)dvdt, 

Jti 7 r 2 


4>^’^’''(^,r7,cj) = A(^) - nAA - v) - tA^ -a)- kA(ct), ( 6 . 14 ) 

V, A = A (0 - tMC -cr)- KA{a - 77) - i/A(77), ( 6 . 15 ) 

- V,v){(lru,Ku{ri - cr,a)Y'ijjk{OAkiA “ vAk 2 {v), ( 6 - 16 ) 

V, A = - V, V) {qTti,KiiA -cr,a- v)Yil>kAAki A “ vAk2 iv)- ( 6 - 17 ) 

Here, we remind readers that “tv ” is understood as the product of signs, e.g., H— = —. Also, as before, 
/+ := / and /" := /. 
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From (13.11) in Lemma im (16.91) . and estimate (13.11b in Lemmawe have the following estimate, 


From (15.17b in Proposition 15.21 we know that the Z-norm of TZ'it) decays at rate 2“"^, which com¬ 
pensates the loss from integration with respect to time. The method used in the estimate of End^’^^*^ can 
be applied directly to the estimate of and . We omit details here. 

Now let us proceed to estimate and ■ Without loss of generality, we assume that 

^2 — ^ 1 - Froni — L°° — type trilinear estimate (13.3b in Lemma l3T] and (16.18b . the following 
estimate holds for fixed k'^ and 


i=l,2 


q)^i + (1—2q)/c 2—2^5^ _j_+4/3m+205m <2Tn+OLk+(l—OL)k\^{l—2<y)k2 — {NQ—Q)k'^ _j_+4/3m+205m 

(6.19) 

For the second bound, we used the fact that \\l°° < 2^i Wfy^ 11^2 < 2^i“^“^i’+ei. 

From (16.19b . we can rule out the case when k'^ > I3m or k '2 < —Qj5m. Hence, it is sufficient to 
consider fixed k'^, and A;^ such thaf —Qj5m < A;^ < < /3m. Recall thaf \^ — r]\ « |? 7 |. Hence, with 

minor changes, we can estimate and in the same way. In the following, we only show 

the estimate of in details. 

For we can do integration by parts in cr many times to rule out the case when max{jj, j^} < 

m + A :2 + A:^ — 10/3m. More precisely, after doing integration by parts in “a”, we have 


fl32 


Jti 7r2 7r2 t 


X /fci {t, C - (^> V - ^)) drjdadt, 

where 

~r,-rr^ ^ 

:=- .|^ -TT-■ 

From (14.26b in Lemma 1431 and (16.18b . we have 

|V.m;';;i(^,r/,a)| < 2-2(fc2,-+fci,_)-fc^+9/tm < 2^/2, 


( 6 . 20 ) 

( 6 . 21 ) 

( 6 . 22 ) 


With above estimate, we can see that the net gain of doing integration by parts in “a” once is at 
least max{2“"*3^ which is less than 2~d^. Therefore, we can do this 

process many times to see rapidly decay. 

From (16.18b and the — L°° — L°° type trilinear estimate (13.3b in Lemma[3Hj the following estimate 
holds after putting the input with the higher spatial concentration in and other inputs in L°°, 


E 

max{j'J,j'2}>m+fc2+fci—4/3m 




,U,T,—T,1 I 


Bk 


< 


E 


2 a/c +6 A:++ m+j 


max{jJ,j2}>m+/c2+^i—4/3m 


€ 0 - 




(6.23) 
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Now, we proceed to estimate By doing integration by parts in r] (when a is close to ri/2) and 

,K2 

a (when a is away from r//2), we can first rule out the case when max{ji, < m+k 2 + k 2 — l0/3m. 

More precisely, we first split into two parts as follows. 




rt2 


{^,rj,a) T,T 




x/fc, ■,(t,o-)V’<fc2-io(f/ - 2<T)d77d(Tdf + / f [ i(^, t/, cr) 

2’-^2 Ji J]r2 J^2 


X cr)/^, (f,cr)V'>fc 2 -io(?/ “ 2a))dr]dadt. 


(6.24) 


For the first integral in (16.241) . we do integration by parts in rj. For the second integral in (16.241) . we do 
integration by parts in u. Asa result, we have 


7^Zi.,Z/,r,T,l 

jl-dvJ2 


rt2 


J J 


+ - (T)fl,^ y^{t,a))dridadt, (6.25) 


where 






d, 0-)V<x4>i’^’^(C, V, o-)V'>fc 2 -io(?/ - 2a) 
f|V,cp^’"’"(C,7?,a)|2 

d, o-)Vr, 4 >i’^’^(?, V, cr)'ip<k2-w{d - 20-) 


(6.26) 


(6.27) 


f|V,<i>^’"’"(e,r/,(T )|2 

From (14.271 ) and (14.281 ) in Lemma 1431 and (16.181) . we have 

|V.m;’;,i(^,r/,cT)| + ^ 2-2("2.-+^U)-^2+9/3- < 2 -/ 2 . (6.28) 

With above estimate, we can see that the net gain of doing integration by parts in “cr” and “r/” once 
is at least max{2“™'/2^ which is less than 2“^™. Therefore, we can 

do this process many times to see rapidly decay. 

It remains to consider the case when max{ 2 i, jJ, j^} > m + fc 2 + A:^ — 10/3m. From (16.181) and the 
L2 — L°° — L°° type trilinear estimate (13.31) in Lemma [TTI the following estimate holds after putting the 
input with the higher spatial concentration in L? and other inputs in L°°, 


E 


max{ji 




^ ^ 2^^+6/c++mH-j2^i+4^?2T 

maxlji ,j'J,j'2}>m+Ai2+fc2~lQ/^^ 




(6.29) 
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6.2. When (/si, ^^ 2 ) £ x|) £ {(~) “)) (~) +)}• Recall that we previously assumed k 2 = min{A:i, 

A; 2 } for this case, we have |A:i — A:| <5 and k 2 < ki — 5. As what we did before, we can first rule out 
the very low frequency case and the very high frequency case. 

From estimate (13.21) in Lemma ITT] and estimate (13.121) in Lemma [331 we have 

^ 2“^l+™'+i+^l + (l~“)^l+(2—«)fc2 —(Afo—7)fci,+—4^2,+,2 

rs_/ * 

From (16.311 ). it’s easy to see the following estimates hold, 
sup Y. II 

^7, in J t\ 


(6.31) 


fe<-(l+(5)(m+j+10(5m)/(4-a) Jti 


rt2 


sup X] II / 

A:>(l+(5)(m+j+10(5m)/(Afo-10) fc2<fc-10 




For a fixed k in fhe range [—(1 + 5)(m + y + 10(5m)/(4 — a), (1 + 5)(m + j + 10(5m)/(Ao — 10)]> we 
have 

rt2 


E 


fc2< —(l+<5)(m+i+10(5m)/(2—a) 


Ju 


B. 


< 


k,j ~ ^ ^ 

k2<—{l+S)(m+j+lQ5m)/{2—a) 


R.H.S. of (16301) 


^ \ ^ 2“^+t’^++™+i+2(si,++(2—«)fc2 —(TVo—6)A:i,+ 

r\-/ / ^ rs_/ * 

k2<—{l+S)('in+j+W5m)/{2—a) 

Now, if is sufficienf fo consider fixed k and k 2 in fhe following range, 

— {1 + 6){m + j + 105m)/(2 — a) < A :2 < A: — 10, (6.32) 

— (1 + 6){m + j + 10Jm)/(4 — a) < A: < (1 + 5){m + j + 106m)/{NQ — 10). (6.33) 


6.2.1. If j >m + 20(5m. Nofe fhaf fhe rough esfimafe (16.31 ) sfill holds in fhis case. The relafive sizes of 
frequencies of inpufs do nof play a role fhere. Wifh minor modificafions, we can use fhe mefhod we used 
in subsubsecfion l 6 . l.Tl fo show fhaf fhe desired esfimafe also holds for fhis case. We omif defails for fhis 
case here. 


6.2.2. Ifj < m+20(5m. Under fhe fhis assumpfion, we have af mosf mf possible cases in fhe range lisfed 
in (16.321) and (16.33!) fo consider. We use same nofafions used in subsecfion I6.1l buf fhe only difference is 
fhat now {ki, k 2 ) E xl insfead of inside x\- Same as we did before, we do infegrafion by parts in time 
first and have the same identity as (16.51) . 

From Lf — L°° type bilinear estimate (13.21) in Lemma l33] and (16.91 ). the following estimate holds when 

k 2 < —am. 


E ii^K; 


V,l I 

ki,k2 I 




+ liX; 


U,l I 

ki,k2 I 


B 


k,j 


2“^+6^++i+3/3m||g—_j_ 2“^+6fc++J+'"^+3/3™-^ 


i=l,2 


e "*^dtfkA\L^\\fk 2 \\L^ + 


\e-^'^fk,\ 


tfk2 


Il 2 


^ 2{l—a)k2+am./2+10lSm. 


el 


c\—25m—5j 


eo- 
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We used the following estimate in above estimate, which can be derived from L°° — L°° type bilinear 
estimate (13.2b in Lemma [XT] and (i5.17b in Proposition 15.21 

},A;2<fc5^ 


^ \ ^ r\k\+k\ I ||„—itA j II ll„—*tA j II I r)—2m, ^ o—2m+Q:m/2, 

~ ^ i,+ ||e Jfc'J|L°°||e Jfc'l|L°°+2 eo Z 2 eo- 

In above estimate, we scarified a little bit decay rate to guarantee the summability with respect to 
Now it is sufficient to consider the case when k 2 > —am. 

• Estimate of the endpoint case. Same as before, we can use — L°° type bilinear estimate (13.2b in 
Lemma IXn and (16.9b to rule out the case when max{ji, >m + 2k2 — 4/3m as follows. 


E 



max{jfi ,jf2}^Tn+2A;2~4/3m 


< 


E 


2 /c +6 fc + + j+3/3 m 


maxjjii ,ji2}^^+2fc2~4/?m 


^2-ma.{ii,j2}-m-a(fci+fc2)||^^^ < 2-m-(2+2a)A:2+15/3m^2 < 

For the case when max{ji, j 2 } < m + 2/c2 — 4/3m, we will do integration by parts in“ rj” to see rapidly 
decay. If V,; hits fki,ji and fk 2 ,j 2 ’ most lose 2™'^^]-^i,j2}-2A:2+5A:i,+/2^ which is less than 2"^“^"^. 
If Vr, hits the symbol •), then from estimates (14.17b and (14.16b in Lemma l4~2l we at most lose 

2 -fc2-4fei,_+A:i,+^ which is less than 2™“^™. Hence the net gain is at least 2“^™ from integration by parts 
in “? 7 ” once. We can keep doing this process to see rapidly decay. 

• Estimate of i G {1, 2}. Same as before, the method used in the estimate of End^’^"^*^ can 

be applied directly to the estimate of and Now we proceed to estimate and 

Without loss of generality, we assume that = minj/c'^, fe^}. 

Recall (16.16b and (16.17b . From (13.1b in Lemma [XT] (13.12b in Lemma [XXI and (16.9b . we have the 
following estimate. 


From (16.34b and Lf — L°° — L°° type trilinear estimate (13.3b in Femma [XTl the following estimate holds 
for fixed k[ and k 2 . 


E ll T/J.,Z>',r,/€,i II 

W'^kfk'.^ 

i=l,2 


< E 2 a/c+ 6 fc+ +m +_7 


+4^m|| —ztA . 




i=l,2 


From above estimate, we can rule out the case when k '2 < — 14/3m or k'l > /3m. Now It is sufficient to 
consider the case when k'l and are fixed and — 14/3m < < /3m. 

Although the \7]\ we consider here could be slightly worse, it is possible to be 2““"*. The methods 
used in the xl case can be applied directly. Note that ( — p and p/2 we. still not close in the case we are 
considering, therefore either or is big. This fact allows us to rule out the case when 

all inputs have small spatial concentration. 

From (14.26b in Femma [431 we know that V still has a good lower bound of size 2“^"™“^^”*, 
see (16.22b and (16.28b . Hence, as what we did in (16.20b . we do integration by parts in “cr” to rule out the 
























3D GWW ABOVE A FLAT BOTTOM 


33 


case when max{j^,j 2 } < m + — 10/3m for i G {1)2} . For the case when 

max{j{, J 2 } > m + ^2 _ + A:} _ — 10/3m, estimate (16.231) still holds for the case we are considering. 

From (14.271) and (14.281) in Lemma 1431 we know that V and 
) still have a good lower bound of size 2“^"”^“^^™. Hence, as what we did in (16.241) . we can rule out 
the case when max{ji(j 2 ), 71 , 72 } < + A :2 + A:^ — 10/3m by doing integration by parts in “fj” when 

cr is away from r//2 ((^ + r/)/2) and do integration by parts in “ry” when a is close to 7y/2 ((^ + ??)/2) 
for when max{yi(y 2 ), 7 {, 72 } < m + A :2 + A:^ — 10/3m, it is easy to 

verify that the estimate we did in (16.291 ) still holds. As we gain extra 2“”* but only pay the price of at 
most 2^"”^ = 2°-^™. 


7. The Improved Z-Norm Estimate: Bad Type Phases 

In previous section, we study the quadratic terms with good type phases, in which the largest two 
inputs have the same sign inside good phases. As a result, we do not actually see the high degeneracy of 
phases. Now, things become different in the bad type phases. The opposite sign of the largest two inputs 
will cause cancellations and high degeneracy of bad phases. For this case, delicate analysis of roles of 
the angles between the output and inputs is required. 


7 . 1 . When (A;i, k 2 ) E x}, (f, ^ {(~, +), (+, “)}• Similar to what we did in subsection 16.11 we can 

first rule out the very high input frequency case and the very low output frequency case. For the rough 
multilinear estimates derived at the beginning of subsection 16.11 the type of phases does not play a role, 
hence we will derive the same result. To sum up, k, ki, and j are fixed in the range as follows. 


— (1 + (5)(m + y)/(2 + a) < A: + 10 < ki < (1 + 5)(m +j + 106m)/{No — 10) < /3m, 7 < m + 20dm, 

(7.1) 

which is same as (16.11) . 

For fixed k and ki in above range, we dyadically localize the angle between ^ and vt] with threshold 
chosen to be {:= 2 A:i,_ and have the following decomposition. 


J t-\ T 


l<l<2 


E 




where 


k,jl,j2 


and ^hi') is defined as follows. 


if/■</_< 2 

) I V'<y(T) if Z = / 


(7.4) 


In the following, we mainly estimate , for fixed Z, k and ki, as there are at most m'^ cases in total, 
which is only a logarithmic loss. 
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7.1.1. If max{m + I, —k — 1} + 100(5m < j < m + 206m. For this case, we have k < —306m, 
otherwise max{m + I, —k — 1} + 1006m > m + 205m . To deal with this case, an observation is that 
the estimate (16.31) can he improved if the angle between ^ and vr] is well localized. As a result, through 
integration by parts in “ we can further rule out the case when j > max{m + I, —k — /} + 1005m. 

• We first consider the case when min{yi,y 2 } > 7 — 5m. From (13.161) in Lemma lT5] and (13.1 II) in 
Lemma |331 we can derive the following esitmate, 

'y • ]||ij . < 'y ^ 2 “^+ 6 fc++'"*+i+fc+fci ,++^+(/2 


x\\Qkuhf\\L4Qk,,nf\\L^ < 2 ( 2 +«)^+™+ 2 - 5 — 

c;;;^ >2(2-\-a)k—l/2—2aki^2Sm>2{l—a)k-\-2Sm2^—2Sm—Sj^^ ^ 

• It remains to consider the case when min{yi, j^} < 7 — 5m. For this case, we will mainly do 
integration by parts in to see rapidly decay. Recall that = —. From (14.91) . the following estimate 
holds. 








hence the following estimate holds as y > m + / + 1005m, 


| Vg[x • e ~ 2 L ( 7 . 6 ) 

For every time of integration by part in we can gain 2~^ by paying the price of at most max{ 2 ™™^'^i’'^ 2 } ^ 
2 -fc-(}, 2 “^“^ comes from the fact that might hit the angular cutoff function vrj)) or 

the symbol x,^, rj) (see (16.21) 1. As j > —k — I + 1005m and min{ji, 72 } < 7 — 5m, we can see 

that the total gain of each step of integration by parts in is at least and we can keep doing this 
process to see rapidly decay. More precisely, the following estimate holds. 




-1 




< 2 


-10m 


11 /^ 1 , 7111 ^^ 11 /^ 2 , 7211 ^ 2 ) 


therefore, it’s easy to see the following estimate holds 


E 




-1 


I'SEiii 




< 2 
rs_/ 


—2Sm—25j 


^ 0 - 


min{7l,72}<7-'5"i 


(7.7) 


7.1.2. If j < max{m + 1, —k — (} + 1005m, k + 2ki < —m + /3m, and k + 21 < —m + 2/3m. For this 
case, we have j < —k — I + 2/3m + 1005m and k < —m/3 + /3m. From (13.161) in Lemma [T5l (15.201) 
and (15.221) in Lemma [531 the following estimate holds, 

2(l+^)^+'^+2/ci+3/3m 2{l+^)^+2A:i+3/3m 2~25m— 

rs_/ '"kl rs_/ '"U rv_/ '"U * 

Remark 7.1. Note that, if without the improved A estimates (15.201) and (15.221) in Lemma [531 it is 
impossible to easily close the argument for the case we are considering. If one uses estimates (15.71) and 
(15.81) instead, then we only have the following estimate, 

IIjr —1 11 ^ < 2 (t+Q;)fc+ 2 A:i—2Q:A:i+m+3/3m^^ 

which is not sufficient when k > 2ki and k + 2ki « —m + /3m. 
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7.1.3. If j < max{m + 1, —k — l} + 1005m, k + 2ki < —m + f3m, and k + 21 > —m + 2/3m. For this 
case, we have j < m + I + 1005m and k < —mj3 + /3m. When do integration by parts in “ 77 ”, it is not 
a problem anymore when hits the symbol m^ — rj, r]){see (16.121) 1. as k + 21 > —m + 2/3m. See 
(14.191) in Lemma l4~2l 

• We first consider the case when max{yi, 72 } ^m + k — ki+l — 4/3m. For this case, by using 
estimate (13.161) in Lemma 1^51 and putting the input with higher spatial concentration in if and the other 
one in we have the following estimate if I < 2aki, 


E 





< 


E 




max{ji ,j 2 }^'^+k—ki-\-l—A^m 


< 2{l+«)fc+(2-2a)fci+(+m+4/3m^2 
< 1 ;;;^ 2^^+(^+2fci)+'m+4j5m^2 c2—2Sm—Sj^^ 

It remains to consider the case when I > 2aki. From Lemma 1^21 the following estimate holds, 

\WAi -< 2'=-“+'»”, 

as when hits the angular cutoff function once, we lose extra 2~K As we need to take derivative three 
times, which explains 2~^^ in above estimate. From Lf — L°° type bilinear estimate (13.21) in Lemma [3Al 
we have the following estimate after putting the input with higher spatial localization in and the other 
one in L°°, 


E 

max{ji j2}^‘^-\-k—ki+l—Al3m 


\T 


-1 




Bk, 


< 


E 


2CK/c+6fc++'m+j 


msLx{ji,j2}^'f^-\-k—ki-\-l—Al3m 


^ ofc—3/+/3m—m—2 q:/ci— max{jii,ji2}—6fci + II f || \\ f II cT o^k+(l—2a)ki—3l+Q/3m 2 

’ \\Jki,ji\\Z\\Jk2,j2\\Z ^ ^ 

2'^(^+2/ci)+7/3m^^ 2~25m—2(5_7 

• We proceed to consider the case when max{ji, j 2 } <m + k — ki+l — Af3m. For this case, we do 
integration by parts in “ rj” to see rapidly decay. From (14.191) in Lemma 14.21 and (14.101) in Lemma 14.11 
we can see that the net gain is at least 2“”* max{2“^“^^+^”^, j'2}-fc+fci-(+3/3m which is less 

than 2“^"^, for each time of integration by parts in “r/”. Therefore, we can keep doing this process to see 
rapidly decay. 


7.1.4. If j < max{m + 1, —k — l} + 1005m, k + 2ki > —m + f3m, and k + 21 < —m + 2/3m. For this 
case, we have j < —k — I + /3m + 1005m, k < —mjh + jSm and I < k\+ /3m/2. For this case, we do 
integration by parts in time first. The formulas are very similar as in (16.51) and (16.131) . We only need to 
add angular cutoff function arj)) into the symbol. For readers’ convenience, we still state them 

in details as follows. 


~ ^^%ki,k2 

“T -'Z;fci,fc2> 

'^i,+,k2- ^ ^ 

1=1,2 


k'-^,k2& At',«'€{+,—} 




/;/c^,/c2 

E 

l+\3[d'+' '^^%ki,k2- '^^+-,ki,n,k2,j2' 


^2,— 


jl>-kl-,j2>-k2,- 


kj\A 2 d ^ (1JLJ11J2 


U,T,K,l 
I 1 




E 

3'2>-k‘ 


IJrJ'vjf 


G{1,2}, 


2 ,- 


(7.9) 

(7.10) 
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where 


T-. tU.U.l 




^•)ji'ijld2 


rt2 


Ht 




rt2 


ti Jr2 Jr2 

x/fci,ji(^>? - v)fk[j[it^V- cr)fky:^{t,cr)dr]dadt, 

SJi = C L L "■ ■'’'» 

- V)ff^,{t,v)dvdcjdt, 

^ - v)T^"'{t, v)mi^A^ - V, vAki (? - vAk2 ur]))d'ndt, 


JR: 


/;fcl ,/c2 


[ [ e^^’^'^’''^^’'^^^Z'>^{t,^-r])f''{t,r])mf,^^{C-v,vAkl{C-vAk2{d)^T■,l{A^^^d))dvdt, 

Jh -Jr^ 

where — rj, rf), r], a), and rnA V: A same as in (15.31) . (16.161 ). and (16.171) . 

From Lemma [221 (13.111) in Lemma 1331 (1478!) in Lemma 1431 and (14.181) in Lemma l4~2l the following 
estimates hold, 

- v^vAiAA’^vmir < 2^-^-2“-{^i.-3+2fci.+ < 2-2”-{'=i.-.o+2/3m^ (7_n) 


\'m,2,u{^ - V,v)^i{A^^i'V))\U 


< 


max{2 


k—k—2 max{/ci,_ 3/ci,- 


'’k,k\,k2 ^ 

/c—2max{/ci,_,/}H-2/ci,+— 3/4 <;;;^ 2~2max{fci,_,/}—6/ci,_+2/3m 

^ J rv-' 


(7.12) 


• Estimate of the endpoint case. From (13.161 ) in Lemma l3.5[ (15.201 ) and (15.221) in Lemma l5.4[ and 
(17.111 ). the following estimate holds, 


i=l,2 


c;;;^ 2^^+3/3m^2 c^^kAZ^m<2—25m—5j^^ 


• Estimate of Jj^AA * ^ {1)2}. From (13.161) in Lemma 1331 (15.21b in Lemma 1531 (15.22b . and 
(17.11b the following estimate holds, 

i=l,2 i=l,2 


2Ctk+3l3m^2 2~25m—(5j 


eo- 
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7.1.5. If j < max{m + /, —k — /} + 100(5m, k + 2ki > —m + f3m, and k + 21 > —m + 2/3m. For 
this case, we have j < m + I + 100(5m and ki > —mj3. Same as the previous case, we do integration 
by parts in time first. 

• Estimate of the endpoint case. Again, as, k + 21 > —m + 2/3m, it is not problematic when 
doing integration by parts in “r/”. Same as before, we can first rule out the case when max{ji, < 
m + k — ki + l — 4f3m by doing integration by parts in “ rj” many times. 

It remains to consider the case when max{ji, > m + /c — fci + / — 4/3m. From (13.161) in Lemma 

13.51 and (17.1 111 , the following estimate holds after putting the input with higher spatial concentration in 
and the other one in L|°. 


E 






]||z 


maxlji ^j2}'>Tn-\-k—ki-\-l—APm 2=1,2 


< 

rs_/ 


E 


2 a/c+ 6 fc++j —2 max{/ci,_ ,/}+ 2 ^m+/c+/ci+/—max{ju' 2 }— 6 /ci,+— 2 a/ci 


max{j'i,ji2}>2r2+fc—fci+Z—4/3m 


^11 ^ II II ^ II <" oO:/c+2fci+Z—2max{/ci _,Z}—2Q:/ci+6j5m 2 <;^ QCifc+(l— 2Q:)fci+6/3m 
^\\Jki,j^_\\Z\\Jk2,j2\\Z ^ ^ ^ ^ ^0- 


From above estimate, we can rule out the case when ki < —7l3m or k < —7013m. It is sufficient to 
consider the case when ki > —7f3m and k > —70f3m. From (17.121) . the following estimate holds. 






r\j 


(7.13) 


From if — L°° type bilinear estimate (13.21) in Lemma ITT] and (17.131) . the following estimate holds after 
putting the input with higher spatial localization in and the other one in L°°. 


E 


E ll^■‘|End^‘ 


kiji,k2j2 


]||z 


maxlj-'i ,ji2}>2n+fc—fci+Z—4/3m 2=1,2 


< 

rs_/ 


E 


2ofc+6/c_|_+j+58/3m—max{ju'2}—m—2a/ci 


Il/Zciji ||z||/fc 2 j '2 11 -^ 


max{jii,j2}>m+/c—Aii+Z—4/3m 


c;;^ 2—'tn—{^—ot)k-\-(l—2a)ki+70^m 2 <C 

1 rs_/ rs_/ 

• Estimate of f G {1, 2}. As before, since the decay rate of Z-norm of TZ' is 2“™. With 

minor modification, we can estimate of same way as we did for 

We omit details here. 

Without loss of generality, we may assume that = min{A:^, /c^}. From (14.61) and (14.71) in Lemma 
14.11 the size of — 7],7]) is either 2^ max{2“^+/^+^^i’-, or 2^“^+/^, hence we can 

put a cutoff function — p,p)) inside the symbols — p,p), r/, u), and 

{^,ri,a), with 2'^ chosen to be either 2^ max{2“*^+/^+^*^i’-, or 2^“^+/^. This fact 

enables us to use the Lemma [3^ 

From (13.211) in Lemma [3^ after putting /^, (t) in L°° and (/;./, /;./) in L^, the following estimate 
holds 




< 

r\j 


i=l,2 


\\\<2P‘^ 


'2^1 llg—itA 


lU-IIA'II l 2 + 

< niin{2^^~^°^^^2+3/3m 2(l“2a)fc2+m+3/3m—(A^o— 
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For the second bound of above estimate, we used again the fact that ||e ]^oo < < 

2 ^ 1 -^ 0 ^ 1 ,+ gg From (17.141) . we can rule out the case when k'l > Pm or < —4/3m. Now, it is sufficient 
to consider fixed k[ and such that —4/3m < A:^ < A:^ < /3m. 

We first consider the case when ki < — 10/3m. As —4/3m < A:^ < A:^ < /3m, we know that 
\ri\ <C I?/ — (t|( or 1C — r/| — a\). Hence, from (14.101) and (14.111) in Lemma l4~n always 

has a good lower bound of size 2*^1 pj-om (14.171) and (14.191) in Lemma |42l we 
know that the net gain of doing integration by parts in “a” is at least 

2-m-mm{fci,fc^}-4fc^+5/3m|^ which is Icss than 2“^”*. Therefore, we can do integration by parts in “a” 
many times to see rapidly decay to rule out the case when max{jj, j^} < m + A:i + A:'^ — 4/3m. 

Next, we consider the case when ki > — 10/3m. As ki is not small, same as what we did in the good 
type phase setting, either or has a good lower bound. Through doing integration by 

parts in “cr” or doing integration by parts in “cr” and “rj”, we can rule out the case when max{jj, j [, j^} < 
m + fci + A;^ — 10/3m. 

Therefore, in whichever case, we can always rule out the case when max{jj ,^ 1 ,^ 2 } < m + A:i + A;^ — 
10/3m. It remains to consider the case when max{jj, j^} > m + A:i + A:'^ — 10/3m. For this case, we 
use estimate (13.21b in Lemma [3^ After putting the input with the maximum spatial concentration in 
and the other two inputs in L°°, the following estimate holds. 


E E 

i=l,2 maj^{ji —10/3m 


II T"—1 

^•>3i\3\->32 


]IU 


< 


E 


l^a.k-\-Qk^-\-m-\-j —2 max{/,/ci,_ }H-2/3m 2 —^ 22 — 


maxlji —lO/^m 

_|_2-10m+A:+ofc+m+j-2max{Z,fei,_}+2/3m^ ^ 2^12“ ||J^, ||^||/^. j.||z||/fc/ y \\z 

< 2-"i-^i-(i+")(^'i+^2)+24^™gQ < (7-15) 

In above estimate, we used the fact that ki > —mj'i. 


7.2. When {ki,k 2 ) G xi; (Fj ^ {(+) +); (+) “)}• Recall that k 2 = min{A:i, A: 2 }. Same as what we 
did in subsection 16.21 we can use the rough estimates to rule out the very high frequency case, the very 
low frequency case and the very high spatial localization j. To sum up, from now on k, ki, k 2 , and j are 
restricted in the ranges as follows 

— (1 + 5)(m + j + 105m)/(2 — a) < A ;2 < A: — 10, j < m + 205m, (7.16) 

— (1 + 5)(m + j + 105m)/(4 — a) < A: < (1 + 5)(m + j + 105m)/(A^o — 10) < /3m. (7.17) 

For fixed ki and k 2 in above range, we dyadically localize the angle between ^ and urj with the 
threshold I chosen to be 2A:i^_ and then spatially localize two inputs as in (17.3b . For simplicity, we use 
same notations listed in (17.2b . (17.8b and (17.9b . but one should keep in mind that now {ki, k 2 ) G xi instead 

of xl- 
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7.2.1. //'max{m + I, min{—A :2 — I, "i}} + W06m < j < m + 206m. The case when j > m + 1006m 
is already considered. We only have to consider the case when k 2 + I > —m, j > max{m + I, —k 2 — 
1} + 1005m and ki < —206m. Note that ki and k 2 are not comparable in the case we are considering. 
Since might hit fkiji — v) when doing integration by parts in it is problematic when ji > j 2 - 
So, if ji > j 2 , we do change of coordinates to switch the role of ^ — rj and rj. However, in any case, the 
following estimate holds. 




A'(iei) 


lei 




\^-y\ 


^ 2'. 


Recall that j > max{m + I, —k 2 — 1} + 1005m, by doing integration by parts in ^ once, we gain 2~^ 
by paying the price of max{ 2 ™™^A J 2 }^ 2~'^^~^}, where 2~^^~’‘ comes from the fact that might hit 
the angular cutoff function or x,^ — rj) (see (16.21) 1. We can rule out the case when min{ji, j 2 } < 

j — 6m by doing integration by parts in ^ many times. For the case when min{ji, J 2 } > 7 — 6m, from 
(13.151 ) in Lemma [331 the following estimate holds. 


E 

m'm{ji ,j2}^j—Sm 



< 

rs_/ 


E 






x\\Qki,jJ\\LA\Qk2,j2f\\L^ < 


2k+{l—a)k2+m-\-25m—j+l /2 


e 


2 

1 


^ 2^+(1~®)^2—(/2+2<5mg^ ^ 


(7.18) 


We can summarize the result in this subsubsection and the result in subsubsection 17 .1. D as the follow¬ 
ing lemma. 


Lemma 7.2. Under the bootstrap assumption (12.12!) and the improved energy estimate (12.131) . the fol¬ 
lowing estimate holds if {ki, k 2 , p, v) G 


IIQfcjj 


r 


■i[ f fj^ - p)f^ - y,y)^i-i{A^,’^y))dv] 

7r2 


Il2 


< 2(i-2a)fc-m-i+25mg^^ j > max{m + l,-k- I, -k 2 -l} + 1005m and I > 2A:i,_. (7.19) 

Proof. One can redo above argument and the argument in subsubsection 17.1.Ti to see the lemma holds. 
We keep the second estimate in (17.5!) and (17.181) instead of the last estimate for (17.191 ). □ 


7.2.2. If j < max{m + (,min{—A :2 — ^,m}} + 1005m, (2 — 2a)k2 < —m — 20/3m, and ^2 + 2/ < 
—m + 4/3m. For this case, we have j < min{—A :2 — I + 4/3m, m} + 1005m. As ki and k 2 are not 
comparable in the case we are considering, it turns out that whether j 2 is the smaller one between ji and 
j 2 makes a difference. 

• We first consider the case when j 2 < ji- Recall that j 2 > — ^ 2 - Therefore, from (13.151) in Lemma 
13.51 the following estimate holds, 

32<j\ -k2<32<jl 

^ 2l2/9m+m+fci—//2+(2 —q:)/c 2 <;;; 2~25m— 

rs_/ rv-/ '"U* 























40 


XUECHENG WANG 


• We proceed to consider the case when ji < j 2 - For this case, we can do better for j. More precisely, 
as ji < j 2 , it is not necessary to do change of coordinates to switch the role of ^ — rj and tj. As a result, 
the following estimate holds, 

■'>()) = |A'(|{|)|| - A'(|{ - 

Hence, we can further rule out the case when max{m + (1 — a){k 2 — ki) + I, —ki — 1} + 3/3m < 
j < max{m + 1, —k 2 — l} + 1006m by run the argument used in subsubsection 17.2. Tl again. Use similar 
estimate used in (17.181) . we can rule out the case when ji > j — dm. Use integration by parts in many 
times, we can rule out the case when ji < j — 6m. Note that the price to pay is instead of 

when Vj hits This fact is crucial here. Using (14.241 ). we know the size of numerator 

changes from 2 ^ 2 -^!+^ to 2 *^ 2 - 2 fci x, t]). Hence we at most lose when Vg 

hits 

Hence, it remains to consider the case when j < max{m + (1 — a){k 2 — ki) + I, —ki — /} + ^f3m. 
From (13.151) in Lemma lT5l (15.201) in Lemma [5^ and (15.221) . the following estimate holds, 

jl<j2 jl <32 

< j^g^j^|27/9m+2m+(3—2a)fc2+fcl+2ig^ 2’^4”^+™+(2—“)fc2+fcl< 2 ”^'^”^“'^-^Cq 


7.2.3. If j < max{m + Z,min{ —A :2 — ^^n}} + 1005m, (2 — 2 q:)A: 2 < —m — 20/3m, and k 2 + 21 > 
—m + 4/3m. For this case, we have j < m + I + 1005m and I > —mjA. Same as the previous case, 
whether j 2 is the smaller one between ji and j 2 makes a difference. We separate into two cases as 
follows. 

• We first consider the case when j 2 < ji. If moreover ji < m+l—Ajdm, then we can do integration 
by parts in “r/” many times to see rapidly decay. Because the net gain of doing integration by parts in 
rj once is at least 2 “”^ max{2™'^^^'^i’'^2}-U3/3m 2-fc2-2i+/3m which is less than 2“^"^. It remains to 
consider the case when ji > m + / — 4/3m. From (13.151) in Lemma [5^ the following estimate holds, 

E S E 2Qfc+6/c++m+j+/ci+/ci,++2fc2+^ 

j2<jl,m+^-4/3m<ji j2<il,m+/-4/3m<ji 


A\fk,,n\\LA\fk,,n\\L^ < < 2-2'5—54o. 

• We proceed to consider the case when ji < j 2 - As before, we can do better for j for this case. 
As a result, we can rule out the case when max{m + (1 — a)(A ;2 — ki) + f, —ki — /} + 3/3m < j < 
max{m + /, —k 2 — 0 + 1005m by running the argument used in subsubsection l7.2. fl again. It is sufficient 
to consider the case wheny < max{m + (l —a)(A :2 —^i) + ^ ——0 + 3/3m. Moreover, we can further 
rule out the case when j 2 < rn + l — 4/3m by doing integration by parts in “rj” many times to see rapidly 
decay. Hence, it remains to consider the case when j < max{m + {1 — a){k 2 — ki) +1, —ki — 1} + 3/3m 
and j 2 > m + I — 4/3m. For this case, we use (13.151) in Lemma [3^ and (13.121) in Lemma [33] to derive 
the following estimate. 


E 

jl < J2 ,m+Z—4/3m<j2 



E 


2«fc+6A:++m+j+A:i+fci_++fcl+A:2+Z 


jl <i2 ,m+Z—4/3m<j2 


x||Ai, 


JlllLl||/fc2j2llL2 ^ max{2™+(2-2a)fc2+fci+Z+12/3m^2l2/l"^+(l-“)^2+fcl-Z|g2 < ^-2Sm-Sj 


In above estimate, we used the fact that k 2 < —m/(2 — 2a) — 12/3m and I > —m(A. 























3D GWW ABOVE A FLAT BOTTOM 


41 


7.2.4. If j < max{m + ^,min {—^2 — + 1006m, (2 — 2a)k2 > —m — 20/3m, and k 2 + 21 < 

—m + Aj3m. For this case, we have j < —k 2 — I + 1006m + Af3m, I < —m/5 and ki < —m/10. We 
first do integration by parts in time and have the same equality as in (17.81) . 

From Lemma (13.1 111 in Lemma [331 (14.81) in Lemma 1431 and (14.181) in Lemma 1431 the following 
estimates hold, 




(7.20) 


- 'n,r])ipi{Z{^,a 


< 


max{2 


ki—k 2—2 max{fci,_ ,/}+2/ci,+ —3fci,_ 




b„iz < E 2‘>'=+«‘++>- 


j=l,2 


2 ^ 1 —/i; 2 —2max{/i;i^_,/}+2/i:i^+—3/<;/ 2 ^ 1 ~^ 2 —2max{/i;i,_,/}—6fci,—+2/i:i^+ (7 21) 

• Estimate of the endpoint case. From (13.151) in Lemma l3.5[ (15.201) and (15.221) in Lemma l5.41 and 
(17.201) . the following estimate holds, 

i—k\—k2+k\+k2+l\ 

i=l,2 

c^a.k-\-Apm-\-2{)Q6ra ^ n—25m—6j 

r\j ’ 

• Estimate of i G {1, 2}. As usual, with minor modification, we can estimate of 

and JR^.^i.^ same way as we did for End/j//*^^. We omit details here and proceed to the estimate 

of Without loss of generality, we may assume that = min{A;^, A;^}. 

From (l3.15b in Lemma 1351 (15.201) and (15.221) in Lemma 1531 and (17.201) . the following estimate holds 
after putting in Lf and the other one in 

i=l,2 

With above estimate, we can rule out the case when A:^ < —10fim or k'^ > /3m. It remains to consider 
fixed k'l and /c^ such that —10/3m < < k'l < j5m. Recall that ki < —m/10. Hence, either |r/| <C 

|?7 — a\ or \C — v\ 'C — ct|, which implies that r/, cr) always has a good lower bound. 

Hence, we can rule out the case when uiax.{jf jf] <m + k 2 + k'i— Afdm by doing integration by parts 
in “(t” many times. 

It remains to consider the case when max{Zj , 22 } > m + A :2 + A:^ — 4/3m. From (13.151) in Lemma IXSl 
the following estimate holds after first putting fkfj' 2 ) then putting the input with 

higher spatial localization in and the other one in Lf’, 


E 


E 




< 


E 


2^akA-m-\-j 


2=1,2 max{j'i,ji' 2 }>m+fc 2 +^i —A(3m niax{j'i,j' 2 }>m+fc 2 +A^^ —A(3m 

c;;;^ 2—'iTh—{l-\-<:x)k2 — {l+2a)k2+A^7n^^ ^ 2~2(5m—(5_7 
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7.2.5. If j < max{m + /,min{— ^2 — Um}'\ + 100(5m, (2 — 2a)k2 > —m — 20/3m, k 2 + 21 > 
—m + 4/?m. For this case, we have j < m + I + 100(5m. We do integration by parts in time and have 
the same identity as in (17.81) . 

• Estimate of the endpoint case, {i) We first consider the case when j 2 < ji- By doing integration 
by parts in “r/” many times, we can rule out the case when ji <m + l — A/dm. It remains to consider the 
case when ji > m + l — 4/3m. From (13.151) in Lemma 1^51 the following estimate holds if k 2 < —30/3m 


E 


II[End 


I;kl,jl,k2j2 


lllz< 


E 


2CfA:+6fc++j+A:i—fc2—2 max{Z,fci^_} 


32 <jl,m+l-ihm<ji i=l,2 


22 <21 ,m+(-4/3m< 


If k 2 > —30f3m, then we can use Lemma lL2l — L°° type bilinear estimate (13.21) in Lemma l3d1 
and (17.211) to derive the following estimate, 

2=1,2 ,272+/—4/3m<ji 


x||e"‘'^/fc2,22llL- < 2—(1+“)^2-2 A:i- 3(^2 < 2—10^2,^ < 2-2^—^i^o- 

(m) We proceed to consider the case when ji < j 2 - By running the argument used in subsubsection 
17.2.II again, we can rule out the case when max{m + (1 — a){k 2 — ki) + I, —ki — 1} + 3/3m < j < 
max{m + I, —k 2 — 1} + 1006m. Moreover, by using integration by parts in “rj” many times, we can 
further rule out the case when j 2 < m + I — 4/3m. Therefore, it is sufficient to consider the case when 
j < max{m + (1 — a)(/c 2 — fei) + I, —ki — 1} + 3j5m = m + (1 — a){k 2 — kf) + I + 3/3m and 
j 2 > m + I — 4/3m. From (13.151) in Lemma [3751 the following estimate holds if k 2 < —30/3m 

. E .E , E 2Ck/c+j+6A:_|_+/ci—/ c2—2 max{/,fci^_} 

4/3m<j2 2=1,2 ji<j2,27i+/—4/3m<j2 


If k 2 > —3013m, then we can use Lf — L°° type bilinear estimate (13.21) in Lemma l37T] and (17.211) to 
derive the following estimate. 
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Y ll-E'^End 




lllz< 


E 


2Qfc-l-i-l-6/!i+—/c2—2fci—3/+2/9m 


jl<j2,m+l-4l3m<j2 i=l,2 


jl <32 ,m+l-iPm<j2 


x||/fc2,i2llL2||e 


I ^ 2~'^~(l+Ef()/c2—2/ci—3/+15/3m 2 2^—m—10k2+l^l3m 2^—28m—Sj 

\ L'^ rs_/ 1 rs_/ 0 rs_/ 0‘ 


• Estimate of i G {1,2}. Same as before, we omit the detailed proof of 

A:2 proceed to the estimate of Without loss of generality, we may assume that 

k 2 = minjA:}, A:^}. 

From (13.151) in Lemma [33] and (15.221) in Lemma 15741 the following estimates hold, 

II 77—Ir T/i,i2,T,K,l-| II r)Q(fc+6/c++m+j'+/ci—/ c 2~2max{/,/ci _}+/ci+/c2+^ 

X ll/fci (f, 0||e-*‘'''/fc/ IIloo II11^2. 

II TT—Ir 7 M!^'?'e,/^,2i II 9Q;fc+6/c++m+j'+/ci—^2 —2 max{Z,fci _}+2/c2+Z 




)fci II —ZZA 




(7.23) 
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From (17.231) and (17.241) . the following estimate holds if < —2m or k[ > 2(3m, 

2‘2m+{l—a)k2 + 10ISm—{No—8)k[ ^^^2 ^ 2~25m—2(Sjg^ 

Therefore, now it’s sufficient to consider the case when k[ and A:^ are fixed and —2m < k '2 < k'l < 2/3m. 

We firsf esfimafe For fhis case, we have |A :2 — A:'^| < 5 if A:^ > A:^ + 5 and A :2 < A:^ + 5 if 

k[ < k2 + 5. 

Case 1: If A:^ — 3/3m < k 2 - From (13.211) in Lemma lThl affer puffing ) in and fhe 

ofher one in L°°, fhe following esfimafe holds, 

~ sup 2“^+®*^++™+^'+*^l-^2-2maxF,fci,_}2(fci-fc2)/22fc2||g-*tAj^J^^||y^,||^2 


|A|<2'3" 

— itA . 


^||g ^ fk ll^oo + 

x||/feJ|L2||e-**^/fc.J|Loc||/,, 11^2 < 2^2-«A:i + (fcl-fc2)/2+4/3,ng^ < 2(l-2a)fc'/2+A:i/2+4/3,ng^^ 

From above esfimafe, we can rule ouf fhe case when A;^ < — 12/3m. If remains fo consider fhe case 
when k 2 > —12/3m. For fhis case, we have k 2 > — 15/3m. All frequencies are relatively big. From 
(14.261 ). (14.271 ). and (14.281 ) in Lemma 1431 we know fhaf eifher r], a) or r], a) is 

big. Recall (17.91 ). Through doing infegrafion by parts in “a” or doing infegrafion by parts in “a” and “r/”, 
we can rule ouf fhe case when max{ji, jj, j^} < m + A ;2 + — 10/3m. 

Now, if’s sufficienf fo consider fhe case when max{ji, > m + A :2 + A:^ — 10/3m. From (13.211) 

in Lemma lT6l we puf fhe inpuf wifh fhe maximum spafial concenfrafion in and fhe ofher fwo inpufs 
in L°°. As a resulf, fhe following esfimafe holds. 


maxljij J J 2 }>m+fc2+^2 — 10/3m 


7 < 

Zj rs_/ 


E 


2CK/c+6fc++m+j 


max{ jij'J2 }>m+fc2+^2 ~ 




Wfk 


i,ji\\z 


'2^2 ' 


^2^1“^2—2max{(,A:i,_}2(fcl—^2)722—a(si2^2—m—max{ji,ii,i2}—20^2 ■; H^H/^ 

_|_2-10m+fc+m+j+fci-fc2-2max{(,A:i,_}+A:2 ||^2“”*“™3'^Ll Ji ||J^, ^ ||z||/;.. 

^ 2—'m—3k2+20ISm^^ ^ 2—2Sm—Sj^^ 

Case 2: If A:^ — 3/3m ^ /c 2 and (A^]^, A^ 2 ? 12 G '^g^Qd- A key observafion is fhaf fhe phase is 

relatively big. More precisely, 

2^2~^2,+/2 < 2^2~^2,+/^ _ 2^2+2max{/,fci^_} ^ |^ 

^ 2^2“^2 +/2 _|_ 2^2+2max{(,A:i _} ^ 2^2“^2 +7^ 

Hence, we can lake advanfage of fhis facl by doing infegrafion by parls in lime again. As a resulf, we 
have 


•'7?Jr‘= E(-l)‘Ei+Hi. E. 

i=l,2 


7k2 7r2 


^fy{U,ri-^)fy{ti,cr)drido, Hi = - 


/7 / 

7ti 7 k2 Jm? 






(7.25) 
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where 


-TA _ Q/iA^ - V,v) {QiyT,uK{v - 


q/iA^ - V, V) iqTu,Ku{r] - cr, Af 




= ^2 + 2 max{/, ki-}-: ^^2 = ^ 2 “ ^2 +/2- 

Here, we only do the endpoint case in details, as Hi term can be dealt with very similarly. Using the 
inverse Fourier transform twice, we have 
1 


Ei = 


IGvr^ 



2-«2-«l2(^2)x(Al)e*(‘*+2 «2A2)$f‘^■"’UC,r?,<7)+i2 "1 


><q^lA^ - v^v){QTu,Kuiv - ^)fk[A^v- Afk'Jy^i^AdA^dAdXi 


IGtt^ 


J-K1-K2 


where 


qfiAi - 'n^'n)fkS^ - ri)Tl;^{fk[Jk'Ad)dA^idX2, 

-i\xA{x) 


X(A) = j e 


-dx, 


TlAf^JkOiv) = [ 

dR2 1 2 

Using the rapidly decay property of x(A), very similar to the proof of (13.201 ) in Lemma[3]6j we can derive 
the following estimate, 

\\T-^[Ei]\\B^^ < sup 2“^+®^++^’+^l"''l"^22(U-fc2)/2||gt(ti+2-«lAi+2-«2A2)Ay.^j|^^ 

|Ai|,|A2|<2/3W10 

< sup 2-3'^2/2+fci/2-fc'+fc2+12/3m||gipi+2-«2A2)A^^^||^^||^^,||^^ ^2-2'5"*-'5ieo 

|Ai|,|A2|<2/’’"/io ^ ^ 

< 2“™“(^+2“)*^2/2+A:i/2+13/3m^^ _l_ 2-25m-(5j^^ < 2“2<5m-(5j^^ 26) 

In above estimate, we used the fact that k 2 > —m({2 — 2a) — 12/3m and also used (15.201 ) in Lemma |54| 
and (13.111 ) in Lemma 1331 

The estimate of Hi can be done very similarly. Following the same argument, (13.151) in Lemma [L5l 
and (15.211 ) in Lemma 1531 we can prove the following estimate if k 2 < — 10/3m 

< g^p |■2ofc+6fc++m+j+fcl-Kl-K22(fcl-fc2)/2||g^(ii+2-«lAl+2-«2A2)Ay.^J|^^ 

|Ai|,|A2|<2/5W10 

+ II/a:i IIl2 \\dtfk[ IIl 2 ll/fc^ ||l 2 + ll/fci IIl 2 ||/fc'J|L2 \\dtfk!^\\ l^) 

^ 2~(t+2«)fc2/2+fci/2—m+13/3mg^ _|_ 2 ”2<5m—_|_ 2 ( 1 —o)fc2+fcl/2+8/3mg^ ^ 2~2(5m—^-y 27 ) 
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If /c 2 > — 10/3m, then instead of using the inverse Fourier transform twice, we use the — L°° — L°° 
type trilinear estimate directly. From Lemma 1^21 (13.31) in Lemma ILTI (14.161) and (14.181) in Lemma l4~2l 
and (15.211) in Lemma l5^ the following estimate holds, 

+ ll^t/fciII l 2 ||e ||l°°|| e + ||<9t/fc/||j^ 2 ||e ||l°°|| e **^/fcil|L°°) 

< 2-m-22fc2+7/3mg^ < ^-25m-Sj^^_ ^7 28) 

Case 3: If — 3/3m ^ ^2 and ^21 ^7", ly k/ G For this case, we first localize the angle 
between r/ and vkg and then decompose as follows. 


jll,U,T,K,l _ Tjjldi 

hk/,k'2 2^ i,hjW2 

ji>-ki-,j2>-k2,- j'i>-k/_d2>-kk_ l<l<2 


(7.29) 


rh 

Jt, 




- v)Qk2d2[Ti^/J,{t)Y{'n)dvdt, (7.30) 


where I = max{( — 6l3m/5, 2k[ _} and 




For simplicity, we also use the following notation. 


^l,W2 Y1 


Hnj2 

kW2' 


Tjn,32 _ TJJ1,J2 rpiy 

1,1 Z^ i,i;j[,j'2' i 

3i — ~^1,— ’32 — ~^2,- 


rpI2T,l2K 

W2^ 


jl>-ki-,j2>-k2-, 
r3l,j2 rpUT,UKl^^-^ _ 

_ J2^-fc2 

• If either 2k'i _ > I — 6f3mj5 or 2k[ _ < I — Q(3m/h, I > I = I — we have /c 2 + 2[ > 

k 2 + 21 — 12/3m/5 > —m + 8f3m/5 and I — I < 6(3m/5. Recall that 7:2 < ^2 “ 3/3m, i.e., \r]\ <C |cr|. 
Hence, we can do integration by parts in “u” many times to rule out the case when max{jj,j 2 } < 
m + k 2 — k 2 + I — 2f3m. From (13.201) in Lemma [L6l and (13.171) in Lemma [L5l the following estimate 
holds, 

—1 


E 


1-^ 


4llz< 


sup 2“^+®^++”"+^' 
\\\<2P-^ 


E 

^2fcl-fc2-2max{Z,fci _}2(fcl-fc2)/2||g-j(t+2"''2-2max{i,fci 

2~3/c 2/2—/ci/Z+Zc^ + lO/^^Ti— c;;;^ c2—‘m/10-\-ll^ra—k\/2^^ i2^0LTril2—k\l2^ 

From (13.151) and (13.171) in Lemma [331 the following estimate also holds. 


E 




< 


;jiJ2' 


E 


2Qfc+6/c++mH-j-|-/i;i—/c2—2 m.£ix{l,ki^ — } 


maxljJ ,j'2}>fc2~^2"*"^~^'^^ msix{j'-^,j2}>k2—k!2+l—2/3m 

X < 2^i+io/3™eo. (7.32) 
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Therefore, combining estimates (17.31b and (17.32b . we can derive the following estimates, 

max{jJ,j2}>Ai2—Ai2+^—2/9m 

• If 2k[ _ < I — 6j3m/5 and I = I = I — ^(irajh, then we have k'^ < —‘ifimlh and k^ < —18/3m/5. 
The estimate of is exactly same as the estimate of the previous endpoint case. We view the 

bilinear term as a input of a bilinear operator. As in the endpoint case, whether ji < j 2 makes 

a difference. 

(i) If 72 < 7i- Then we can first rule out the case when ji < m + I — j3m by doing integration by 
parts in “ry” many times for (17.30b . It remains to consider the case when ji >m + l — I3m. From (13.15b 
and (13.17b in Lemma lT5l the following estimate holds, 

II ^ ^ ^ ^ ^ 2^^+6^++^+j+^l,-+3/ci,+/2—/C2—2max{/,/ci,_}+/c2+V2 


x||/fci 




I 


L2 


'y ^ 2~^l,-/2+3fei,+/2+2m+(+100(5m—ji 

jl>m+l—j 3 m 


jiWz 


11^^ < 2fc2/2+(l-2a)fc'+/3m+1005m^^ < 

(ii) If 72 > 7i- For this case, we can rule out the case when j 2 < m + I — /3m by doing integration 
by parts in “ry” many times for (17.30b . Therefore, it remains to consider the case when j 2 > rn + l — /3m. 
Note that j 2 > m + I — /3m > m + I + /3mlQ, k 2 + 21 > k 2 + 21 — 12/3m/b > —m + 8/3m/5, and 
k' 2 > k 2 + 3/3m, all conditions of Lemma I7.2l are satisfied. Therefore, from (13.15b in Lemma [331 (15.20b 
in Lemma l54l and (17.19b in Lemma 1731 the following estimate holds. 


jl<j2,m+l-j3m<j2 


E 


2Ctfc+6/c++m+_7+/ci,_+3/ci,+/ 2 — ^2— 2 max{/,/ci,_ }+/c2+^/2 


m+Z—^m<j2 


A\fkALA\Qk2A^-\Tp^^m\\L^ < E 2-+(l-2“)^^+372-i2+2005m^^ < 2-2-5--^ieo. 

Now we proceed to estimate Note that, for |A:i — A:^! < 5 if > A:^ + 5 and 

A^i < A;^ + 5 if k[ < A:^ + 5. Same as what we did in the estimate of when r = k = —, we can 

do integration by parts in time to take the advantage of the fact that the size of phase is big. With minor 
modifications in (17.26b . (17.27b and (17.28b . we can see our desired estimate still holds. For the case when 
(r, k) 7 ^ (—, —), we divide it into four cases as follows. 

Case 1: If / > —2amj3 and A:^ + 2A;i < —m/2 — am + 3/3m. From (14.4b in Lemma ILTI we 
can see that the size of — ry,ry) is 2 *^ 2 + 2 max{A:i,_,/}-fci,+/ 2 ^ hence we can put a cutoff function 

_ rj^rj)) inside the symbols - 7],7]), ry, a), and with k 

choose to be 2 ^ 2 + 2 max{fci,_,(}-fci ,+/2 enables us to use Lemma l33l From (I3.21b in Lemma l33l 

and (I5.20b . after putting the input in L°° and T'^''^{fk[, fk0 the following estimate holds, 

’ ^ |A|<2/5"> 


X ||e-'*^/fci||L-||A^||i2+2-10m+A:+afe+rn+7+fci-A:,-2max{(,fci,_}+fci||^^^||^^ 


’ll/fc^llL2 

(7.33) 
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^ 2™+2fcl+2/3m+fe2—^2—^^ 2~“™/6+6/3m^^ ^ ^—^Sm—Sj^^ 

In above estimate, we used the following fact, 

l|e"‘'^/fc 2 WllL- < min{2—+“-/3ei,2"2||P,2/(i)llL2} < 


Case 2: If / > —2am/3 and k2+2ki > —m/2 —am+3/3m. For this case we have max{A;i, > 

—rajd — amj?) + /3m and min{A:i, /c^} + 4A:^ > —fymlQ — hamj?) + 5/3m > —m + 5/3m. 

When TK = —, from (14.261) in Lemma 1431 we can do integration by parts in cr many times to rule out 
the case max{j[, j^} <m + k'i + ki — 4/3m. 

Recall that the case when r = k = — is ruled out. For the case when tk = +, i.e., r = k = +, we 
do integration by parts in a when — a,a — rj) > 2““™. The net gain of doing integration by parts in 
‘V ” once is at least niax{2-™+“™-“'^^^^l 2-™-*^i+2«”^+2/3m}^ ^hich is less than 2“^™ when 

max{jj, J 2 } < m, — 2am. When Z{^ — a,a — r]) < 2~“™, then we have Z{^ — r],a — rj) < 2“"”^ and 
Z{a — 1 ], vrj) ~ Z(^ — r], vrj) ~ 2^ > 2“^"”*/^. For this case, we do integration by parts in The net 
gain of doing integration by parts in “r/” once is at least 2~™“*^2-2Z+2/3m 

which is less than 2“^™ when max{j 2 , < m — 2am. 

Therefore, in whichever case, we can rule out the case when max{j2,2i, — iiiin{m + ki + k[ — 
Aj3m,m — 2am}. It is sufficient to consider the case when max{j 2 , j’l, j^} > min{m + ki + k[ — 
Af3m, m — 2am} > m + ki + k[ — Aj3m — 2am. From (13.211) in Lemma the following estimate 
holds. 


E 


l-P' 


-1 




< 


E 




max{j 2 J 2 —4:13m—2am 




_|_2-10m+fc+Q:A:+m,+j+A:i-A:2-2max{Z,fci,_}||y^ , ||^2^l-"^-™a-=^{i2 Ji ||^^, j/|| 2 ||/;i./ ji\\z 

n—{l-\-a)k2—l+2am—ak2-\-4^m—m <r\—26m—5j 

rv_/ * 

Case 3: If / < —2am/3 and A:^ + 2/^1 < A :2 + 2max{f, ki-} + /3m. From (13.211) in Lemma [T6l 
and (15.201) . estimate (17.33b also holds and 

(]7.33[l 2max{/,/ci^_}+om/3+8/3m^^ _|_ 2~2(5m— 

2~2Q:m/3+Q(m/3+9/9'm^^ _|_ 2”25m—2~25m—5_7^^ 

Case 4: If i < —2am/3 and A:^ + 2A:i > A ;2 + 2max{Z, A:i^_} + /3m. For this case, we have 
ki <1/2 < —am/d and A;^ > k 2 . Note that, 

^ 2^+2fcl _ 2*:2+2max{«,A:i,_} > 2 k 2 +‘^ki ^ (7.34) 


With this observation, it motives us to do integration by parts in time again and have a similar identity as 
in (17.25b for The main difference is that now ki = A :2 + 2 max{Z, ki^-} and K 2 > A:^ + 2A;i in 

the case we are considering. 

After using the inverse Fourier transform twice, we can derive the following estimate by using (13.15b 
in Lemma [331 (15.20b . (15.21b and (15.22b in Lemma [531 

K2>fc'+2A:ilNMA2|<2/3-/lO .^^^2 


x||g-i(ti+2 ""^2)^/^,J|ioo||/fc/||^2 + 2"^+™+^'+2'=1-'^1-''2+^2+L2 
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'^{\\dtfk2\\L^\\e l|L°°ll/fe'II l 2 + ||/fc2llL2||e ^^^'*^fk[\\L°°\\dtfk'J\L^) 

_^ 2 - 10 m-Ki-K 2 ||l2 \\fk[ IIl 2 ll/fc' ||l2 + \\fk 2 Wl^\\ dtfk[\\ l^ ll/fc' \\l^ 

+ \\dtfk2 IIl 2 ll/fc' ||l 2 ll/fc^ ||l 2 + ll/fcj 11^2 ll/fc/ ||j^2 ||9f/fc/ 112 , 2 ) 

<; ‘2k2—ak2—inisix{l,ki^ — }/2-\-l37n , 2^2+^i+2/—2max{/,fci,_}+^mH-Q:m/3 i 2^—2Sm—Sj 

U * L/ * VJ 

<;; 2(l~2cK)fc2/2+2/3m^^ _|_ 2^+<^^^/3+2/3m^^ _j_ 2~2(5m—<;^ 2~25m— 

Note that we used the fact that k 2 < A;^, / < —2am/3 and k 2 < ki < —amj^. 


7.3. Estimate of •) in bad^;. In this subsection, we mainly study the case when (fci, ^ 2 ) £ x|- 

The main difference between this case and what we studied before (where (fei, /C 2 ) G XfcUx|) is that both 
V r/, cr) rj, a)) and r], cr)(Vo-<h 2 ’^’^(^, rj, a)) can be zero at the same 

time. To get around difficulty, we need to utilize different properties of phase near the space resonance 
set in “ ry” and “cr”. Following the same argument as we did in subsection 16.1[ we restrict ourself to the 
case when —m + amj3 < k < /3m and j < m + 206m. 

As we need to gain some smallness from the angle when the phase is highly degenerated, it is crucial 
to classify phases first. Note that, phases of the following types are not highly degenerated 

r]) ~ T>-’+(^, rj) ~ (7.35) 

Note that the linear part of $+’“(^, 77 ) only vanishes when Z(^,—ry) = 0 and the linear part of 
only vanishes when Z(^, ry) = ^ — v) = Hence, the following estimate holds, 

^>+“(^,ry) 7 /)>_io(Z(^,-ry)) + ^>+’+(^,ry)(l -' 0 <_io(Z(^,^-ry))V’<- 5 (^(^,-??))) ~ 

(7.36) 

Therefore, we can decompose A+j,(-, •) and •) into two parts as follows, 

A+,„(«((),«*'{*)) := E -4+,»{“(*).““(O), K+--ut„n,) = E p-s’) 

i=l,2 i=l,2 

where symbols m\ ^^{-, •) of •), v G {+, —}, i G {1, 2}, are defined as follows, 

m+_(^-?y, ?y) = m+_(^-ry, ry)7/;>_io(Z(^, -ry), _(^-ry, ry) = rrr+_(^-ry, ry)r/;<_io(Z(^, -ry), 

-r],rj) = m+^+{^ - ry,ry)(l - r/;<_io(Z(^,^ - ry))r/;<_ 5 (Z(^,-ry))), 

-r],r]) = m+^+{( - ry, ry)V’<-io(4^(?, ? - ry))r/;<_ 5 (Z(^, -ry)), 
and 

J e**‘^^’"^^’’^^rrrV,^(?-ry,ry)9i(/fcj(f,^-ry)/^^(f,ry))drydf, fG{l,2 }. 

The angle Z(^, irry) inside K^’^ifki, is very crucial. We localize the angle and do decomposition 
as follows, 

i^ 2 ^’"(Ai,/fc 2 )= E i:=2k., 

l<l<2 

^ti''ifkiJk2) = “/ / - v)fk2(.^,v))n,i{AC,i'V))dr]dt. 
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From above estimates, (15.31) . Lemma[33]and Lemma [3^ we have 


^k,ki,k2 


< 2^^+ 


(7.38) 


As the angle is well localized for we can do better for j. After doing integration by parts 

in "X” many times, we can rule out the case when j > max{m + I, —k — (} + 1005m. It is sufficient to 
consider the case when j < max{m + I, —k — (} + 1005m. 

Recall (15.151 ). after plug-in the equation satisfied by dtf in (15.11) . we have essentially same formulas 
as in (16.131) and (17.101) for •), •), and •)■ For reader’s convenience, we state them 

in details as follows. 


K-'‘ 

"(A, 

JQ 

= E 

E 

( E 

k-’T^ 

n-,j[,j2 

+ E 

T^-,’d,T,K,2\ TO-. I' 





r,Ke{+,- 

-} jl>-ki,^ 


i2>-fc2,. 



(/fci: 

JQ- 

= E 

E 

( E 

K+^u,r,.,l 

+ E 

A-2\ ^ 

J2;ji,j2 ^ fci,fc2;l 





,k;G{+,- 

-} ji>-ki,- 

j2>-k2,- 

K+’’^ 

^2,1 

{fki; 

fQ- 

= E 

E 

( E 

j^+,V,T,K,l 

i,h\j'id2 

+ E 

) + JR+’'; 2 
1,32;j[,32 ’ fcl,K2,2 




ik{,j{),{k'2,f2)^J' ^ 

-,kG{-|-,- 

-} ji>-ki,- 


j2>-k2,- 



where 


L ({,,,, <j)/£( t, ^)d,,dadt, 

[ [ [ I a)- 

Jti JR‘2 JR2 I’-'l 2>J2 

[ [ [ 2(?> V, fr)/fc/ ■/ {t, f (t, ^-V)fk2 v)dvdadt, 

7tl 7 m2 Jr 2 I’-^l 2’J2 

- rj, rj) {TZ'ki (f, ^ - r/)/^^ (f, rj) + fk^ {t, ^ (f, r])) dr]dt, 




J\ 1 • •/ •/ — 
(j2;ji J2 


= 


//■ 


JR 


I / - d)fk 2 (.^,v) + - ri)n%^{t,r]))dridt, 

where the explicit formulas of all symbols appeared above are given as follows, 

-V,V)= - r], r/), -V,v) = - V, ^v)), 

:= m_,j.(C - V,v){Qtu,ku{ti - fr,cr))''V'fc(OV'fci(C - v)'ipk2{v), 

:= m+^j,(C - V,v){Qtu,ku{v - fr,o-))''V'fc(OV'fci(C - v)'ipk2{v), 

:= m_,,,(^ - r/,r/)q_^ -a,a- 7?)V'fe(0V'fei(C “ d)'ipk2{v), 

■= - V,vhT,K{^ -cr,a- v)'^k{^)'ipki{^ “ V)'^k 2 {ri), 

■= - r},r}){qru,Ku{ri - cr,a)yijjkiO^l^kAi “ v)i^k2{v)^I-iU{^,’^ri)), 

^+'!u,l, r/, cj) := - rj, r})qr^^{i -a,a- r/)V>fc(OV’fci - r])'ilJk 2 {v)‘fI-i{A^: ’^v))- 
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7.3.1. The Z-norm estimate of and ^ ^ {1; 2}- As r] and ^ — t] now are comparable, 

there is little difference to estimate and For simplicity, we 

h3ii3i^32 31 i3i':32 


J 2 


iJiij'iJZ 


only estimate and in details here. 

Ji;JiJ2 h3r,3i,j2 

If either (fc^, k' 2 ) & Xk 2 (^i> ^ 2 ) ^ xlj’ ~ “ > from estimates in Lemma Iddl and (14.261) 

in Lemma 1431 we still have a good lower bound for rj, a). Therefore, the methods we used 

in the good type phases and the bad type phases can still be used to estimate those scenarios. Therefore, 
we restrict ourself to the case when {k[, A:^) G xlj ~ +• 

From — L°° type bilinear estimate (13.21) in Lemma 13.11 (17.381) . and (13.111) in Lemma 13.31 the 
following estimate holds when k < —/3m/100, 

E II E 

< sup (7.39) 

ts[tl,t2] 

From (13.151) in Lemma lTAl and (15.211) in Lemma 1341 . the following estimate holds if 3A; < —m + f3m, 


j^a.V.T.K.lw 

ll®‘. 


E 


E 


'^e{+.-} 3l>-!^l,-J[>-kl,-,32>-K - 


—ith. . 


lor, 3,,32 


^ak+m+j2-2 max{fc,/}22fc+Z2fc II(^^ ^) ||^, 


X lie -7feillL-||/fe'II l 2 < 22005™ max{2™+'+"^2™+"^ 2^60 < 2-io-5r„6o. (7.40) 

If —m + (3m < 3k < —3/3m/100, then •)! is greater than This fact enables us to use 

the estimate (13.211) in Lemma 1331 Together with (13.151) in Lemma 1331 the following estimate holds, 

V iiiT+.’7’7llR, c;;;^ 2<^^+'^+,?~2max{/c,/} r2—0(^2 —q)/c i22k^l-\-10Sm2^—m-\-{2—a)k\ 

'''^l,3r,j[J2 ''^>^.3 ~ L ) 1 0 

]XLax-[2^^~°^^^~*~^005™- ^ 2{l~“)^+200(5m^^ ^ 2~2(5m (^ 

To sum up, we only need to consider the case when —(3m/100 < k < (3m, {k[, A;^) G Xk- k 

is almost like “1”, the angle which is greater than 2k-, plays little role, there is little difference of 
estimating and We only consider in details here. 

From — L°° — L°° type estimate, after putting the input with the maximum spatial concentration 
in and the other two inputs in L°°, we can rule out the case when max{ji, j[,77 — remains 

to consider the case when max{ji,7j,77 3 /3m. 

We decompose into three parts: (i) the region that is away from the space resonance set in 

“it”; (ii) the region that is away from the space resonance set in (iii) the region that is close to the 
space resonance sets in “cr” and in “rf\ More precisely, we decompose the symbol i(C) r?, cr) into 
three pieces as follows, 

V, V, cr) = v, “ v/‘^), 

i=l,2,3 

-v)- - 72), 

- 7 - TTih - - 72 ), 

= l+,+ = 1-- = —2(3m, = —m/2 + 10/3m. 
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As long as the threshold we choose is greater than —m/2+5/3m, then we can safely do integration 
by parts in “a” in region (i) and do integration by parts in “t/” in region (ii) to rule out the case when 
max{ji, yp < fim. We mention that the threshold we chose for + is different because the strategy 
we use to control the region (iii) is different. 

A very important observation for 77 , it), $^’”’”(^, 77 , 17 ), and 77 , a) is that the 

sizes of phases are very big, which are greater than inside the region (iii). We can take advan¬ 

tage of this fact by doing integration by parts in time again to gain extra 2 “”*, which is sufficient to close 
the argument. More precisely, the following estimate holds, 

(/7,r,T) ^ (-,+,+). 

(7.42) 

For example, when (^, r, r) = (+, +, +), we know that a is very close (in a neighborhood of radius 
2 “^”^) to 77/2 and ^ is very close to 877/2 (in a neighborhood of radius 2 ^”^). Hence 77, a) is 

very close (in a neighborhood of radius 2 “^™) to 77 , 77 / 2 ), which is greater than . 

Therefore (17.42b holds. 

Unfortunately, the good lower bound doesn’t hold for rj, a). As 4>^’''"’"'~(^, 77, a) is also very 

close (in a neighborhood of radius to ( 77 / 2 , 77 , 77 / 2 ), which equals to “0”. However, the 

spatial concentration “j” of output can be improved. Another very important observation is that 

Therefore, the following estimate holds, 

((^ - - W 2 ) < 2 -^-+/'-L,+ < 2 — 

Therefore, by doing integration by parts in many times, we can rule out the case when j > m(2 + 
13 / 3777 . For the case when j < m/2 + 13 / 3777 , we use the size of support of 77 and cr for fixed which is 
2^'-'+ in total, which is less than 2-2"^+40/3rn xhis is sufficient to cover the loss of 2"*+^ < 23™/2+i3/3m 
Therefore, close the argument. 

7.3.2. The Z-norm estimate of the reminder terms. The estimate of and ^ {1)2}, 

is straightforward. From L°° — Lf type bilinear estimate (13.2b in Lemma [TTl (17.38b . and (15.17b in 
Proposition 15.21 the following estimate holds, 

ue{+,-} i=i,2*^[L42] 

X\\e Jfe3_i||L°°^2 ^ eo- 

From (13.15b in Lemma lT5] and (15.17b in Proposition 15.21 the following estimate holds if k < —/3m, 
i/e{+,-} i=i, 2 *^[L 42 ] 




</■ r)k+l-\-200Sm^ o—4(5m^ 

^ ^ ^0 ^ ^ ^ 0 - 













52 


XUECHENG WANG 


From L°° — L? type bilinear estimate (13.21) in Lemma 13.11 and (15.171) in Proposition 15.21 the following 
estimate holds if A: > —13m, 


E 


IIJR 


k\ ,/C 2 


Bk,j 




< sup 2™+^■+50/5™||P,^7^(^)b.||e-*^/,3_JU, 

i=l,2*^[h72] 


< 

r\j 


i^ — OLTn/A 


^ 0 - 


7.3.3. Proof of Lemma \57\] Assume that t € [2™ 2™] for some m G N. Note that \ ki — k\,\k 2 — k\ < 

5. 

• We first estimate A_ •) and •). By do integration by parts in many times, we can 

first rule out the case when j > m + 5. It remains to consider the case when j < m + 5. For this case, 
we have 

^&{+-} (A:i,fc2)ex|2E”^+5 


x||e **'''/fci||L°°||/fc 2 llL 2 < 2 ^^ "^^+ll/fcilUII/fe 2 lU ~ ~ «^o- 

• Now we estimate iy(', ■)■ Although associated phases are highly degenerated, we know that the 
angle of •) is comparable to the angle of •). For this case, we do angular decompo¬ 

sition as follows. 


[e^*'^Al^^(u(t),u(t))](x) = '^ ^ Y,Hkuk2’ 

k&{kiM)(^xl 


E 


Tjl 

ki,k2-,ji,j2^ 


jl>-ki,-,j2>-k2,- 


where the threshold I := 2k- and 


Tjl _ ■p- 

^ki,k2-,ji,j2 ’ ~ 


/ 

7k^ 








{i - V,v)fki,n{t,C- r])f^^ .^{t,T])ipj.i{Z{C,or]))'il;k{Odv 


By doing integration by parts many times in we can rule out the case when j > max{m + I, —k — 
f}+5 and min{ji, J 2 } < j—6j. For the case when j > max{m+f, — fc—f}+5 and min{ji, 72 } > j—dj, 
we can derive the following estimate from (13.151) in Lemma [331 


E 


E 


II 

II fci,/c2;jij2 



j'>max{(m+^),—fc—^}+5 mm{jij 2 }^j—Sj 


s E 


E 


2 QA:+ 6 /c++j 




^2^—2ma.x{k,,l}2^k-\-l/22^—2aki — 12kj^—ji—j2^2 2^(l—2a—25)k/2—Qk-\.^2 


We split the case when j < max{m + I, —k — 1} + 5 into several cases as follows. 

Case 1: If f = [and k > —mjb, then j < m + l + 5 = m + 2k- + 5 and r/)| > 2^^ > 2“^”*/®. 

From (13.211) in Lemma lL6l we have 


E \\K,k2\\Bk, < 2“"+6fc++,2-2^2—< 2(1-“)"-"^+6? < eo. 

j<m+r+5 


Case 2: If I = I, k < —mj5, then j < —k — I = —3k. From (13.151 ) in Lemma lL5] and (15.201) and 
(15.221) in Lemma 1341 the following estimate holds, 

E \\K,k2\\Bk, < < 2-105-60. 

j<-3k 
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Case 3: \f I > I, k + 21 < —m + 4/3m, then j < —k — I + 4/3m + 5 and k < —m(b + /3m. From 
(IS.lSh in Lemma 1^5] and (15.201) and (15.221) in Lemma l54l the following estimate holds, 

IK,fells.,, ^ < 2 -i°^™eo. 

Case 4: If / > T, A: + 2/ > —m + 4/3m, then j < m + I + 5 and max{A;, /} > —mj^ + 2/3m. Note 
that, 

|V,,$+’+(e, r?)| > 2-^+/2Z(e -V,v)> 2 -*^+/ 2 +', |4>+’+(^, 7])\ > 2 ^+ 2 max{fc_,Z} > 2 m- 4 / 3 m_ 

As A: + 2/ > —m + 4/3m and Z(^, vr]) ~ 2^ we can do integration by parts in “rj” many times to 
rule out the case when max{ji, j 2 } < m + I — k+/2 — 10(5m. It remains to consider the case when 
max{ji , 22 } > m + I — k^/2 — 10(5m. From (13.211) in Lemma [L6l we put the input with higher spatial 
concentration in and the other one in L°°. As a result, the following estimate holds, 

max{jii /2— 105m max{ji ,j 2 }>m+^— fc+/2— 105m 

^ 2~2 max{/c_ ,/} 2 — m—a/c— 3 ^ 4 - 2 ” iiiax{ji ,j 2 }—a/c— 6 fc+II ||z||/ai ||z 2 ”^/^“^^™“^^+^0 

As there are at most number of cases if / > f, from above estimates, it is easy to see our desired 
estimate (15.61) in Lemma ISTTl holds. □ 


8. Remainder estimate 

This section is devoted to prove Proposition 15.21 Intuitively speaking, we can prove Proposition 15.21 
by the following three steps: 

(i) we can first decompose the remainder term TZ into two parts: cubic type terms and terms depend 
on A> 3 [i?(/i)i//]. Cubic type terms can be easily estimated. 

(ii) To estimate the Z- norm of the profile of A> 3 [B{h)'ip], if’s sufficienl fo estimate the profile of 
A> 2 ,\yx,z^] in the L“Z-normed space, which can be done by a fixed point type argument. 

(iii) We can group all information together to prove Proposition 15.21 

Step (i) is straightforward, recall (13.101) . we have 

7^ = A>3[(1 + \Vh\^)B{h)^] + zAA>3[(1 + \Vh\^){B{h)^f] = A>3[(1 + \Vh\^){K<2[B{h)i;] 
+A>s[B{h)^P])] + zAA>3[(1 + \Vh\^){A<2[B{h)iP] + A>3[B{h)^P]f] = ^ubic + /fps, 

where 

^cubic — -^<2 [B{h)i;] + iA{\Vhf{A<2[Bih)i;]f + {A2[B{h)i;]f + 2A2[B {h)^l;]Ai[B , 

(8.1) 

/fps = (1 + |V/i|2)A>3[i?(/i)V^] + fA((l + \Vhf){A>s[B{hm^ 

+ 2(1 + |V/ip)(A<2[i?(/i)iA])(A>3[i?(/i)V^])). (8.2) 

Since we already know the explicit formula of A< 2 [B{h)'ip]. That is to say (18.11) can be explicitly repre¬ 
sented in terms of h and ip. Intuitively speaking, we can rewrite (18.11) as follows, 

2cubic = ^ + C'^^^{u^,u’',hi)+ Ci,{u^,h 2 ,h 3 )+ C{h 4 ,h 5 ,hQ). (8.3) 
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where hi, 1 < i < 6, denotes some quadratic term in terms of u and u. They can be represented as 
follows, 

hi= l<i<6 . 

Proof of Proposition 15.21 . Recall (12.121) and (I2.13I) . From (18.101) in Lemma lOl we have 

sup sup We'^^hillz < eo- 

l<i<6 

From above estimate and estimates (18.121 ). (18.131 ). and (18.141 ) in Lemma lS^ the following estimate holds 
for A: G Z, 0 G [0,1], andt.fi.fa G 2”*+^], 

[/cubic] h + [/cubic]) ||l 2 < 2—eo, 

sup 2-5^' II r [/cubic] dtb,, < 2-''”^6 o. 

k€i1^J>nia.x{—k,0} Jti 

From — L°° type trilinear estimate (13.31) in Lemma l3Tl we put the input with the medium 

frequency in L°° and the other inputs in L^, as a result, the following estimate holds, 

sup ii/c;;;;;;(f,oiiL?> < 2 -™ ^ (nuiu + mzf < 2 -^eo. (8.4) 

te[ 2 — 1 , 2 -] ^<.<0 

Combing above estimates with estimates (18.51) and (18.61) . it’s easy to see Proposition l5.2l holds. □ 


8.1. Z- norm estimate of term s depend on A> 3 [B{h)'ijj]. In this subsection, we mainly do step (ii). 
More precisely, we have the following lemma. 

Lemma 8.1. Under the bootstrap assumption ^!. 121) and the improved energy estimate (12.131) . the follow¬ 
ing estimates hold for any /c G Z, 0 G [0,1], and G [2™“^, 

||e*‘^[/fp,]|U + 2-(i-^)^+^-||Pfc(e**^[/fp,])||^2 + < 2-™6o, (8.5) 

sup 2^^ II r [/fps] < 2 - 5 - 60 . (8.6) 

k£’E,j>m3iX.{—k,0} Jt\ 


Proof To estimate the Z-norm of A >3 [B{h)^|J], it is sufficient to estimate the L^Z-norm of A >3 \yx,zP\- 
Recall (12.101) . To see structure of the profile of hi for i G {1, 2}, we define 

ui = hi-\- i2Af!, U2 = h2-\- iAijj, 


hence 

~ 2h -\- h‘^ _ 3h 2h h? h? 

^ {l + hf = Y (l + /i)2 " 2(l + /l)2 

^ 3iu-f u) Ui-f iti (u + ft)/tt 2 + it2\2 
= 2u -^-^- - —- - -j , 


h2 


1 -f h 


U2 = u — h 


1 + h 


= u — 


(u + u)(u 2 + U 2 ) 


( 8 . 8 ) 


Wifh above discussions, we can easily Iransfer fhe fixed poinf fype formulafion (12.101 ) info a fixed poinf 
fype formulafion in ferms of u, u, Ui and ftj, f G {1, 2}. 
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Before estimating A>3[V3;_2(/3], we need to know the Z-norm of the profile of ttj. From (18.71) and 
we have following estimate by using the main results in Lemma [8^ 


W^^UiWz, -- 


\W^^Ui\\z < ei. 


X] ^ €l +ei X] 

j=l,2 i=l,2 i=l,2 

Now we are ready to prove Lemma ISTTl From estimates (18.121) . (18.131) . and (18.141) in Lemma [8^ and 
Holder type estimates, we can derive the following estimate from (12.101) . 

x,z^]\\Lf^z ^ 2“™eo + x,z^]\\Lf^z■, 

2-(i-®)"+®™||Pfc[A>3[V.,,yp]]||^gc^2 < 2--60 + eo||e**^[A>3[V,,.¥^]]||L-z, 

sup 2^^\\ r sup \\Pk[A>^[V xM]\\ltl^ < 2“'”^eo. 

k^'L,j>—k— Jt\ k&, 

In above estimate, we used the fact that j <m + 100(5m and used — L°° type estimate for all quartic 
and higher order terms in (12.101) . Above estimates further imply the following estimates hold, 

||e»*^A>3[H(/i)^]b + 2-(i-^)"+^-||Pfc[H(/i)V^]||^2 < \W^^k^z[VxM\\LTZ 

+ ^ 2—eo. 

t2 


(8.9) 


sup 

k^'LJ>—k— 


2 '^|| /%**^A>3[P(/i)V’]||L^i3,, < 2 -'™eo. 
Jti 


||A>3[P(/i, V’)]||l|° < ||A>3[V3;,2¥?]||lj°l|° < 2 ™eo + eo||e* A>3[V3;,2 ¥?]||lj°z < 2 "^eo. 
Following the same procedure, recall (18.21) . it’s easy to see our desired estimates (18.51) and (18.61) hold. □ 

Lemma 8.2. For any //, k G {+, —} and f,g,h& n Z, which satisfy the following estimates, 

W/Wh^o + Ilfl'IliTJVo + ||/i|lH^o < A, \\f\\z + \\g\\z + \\h\\z < B, 
we have following estimates for any t, ti,t 2 G [2™“^, 2™+^] and 9 G [0,1], 

||e**^Q((e-**^/)'^, (e-**^p)'^)||z < B^ + + Pf, (8.10) 

sup2-(i-e)fc||P,[p*^g((e-**^/)^(e-»*^5)")]||i2 <2-®-p2^ (8.11) 

fcez 

||e**^(7((e-**^/)^, {e-^^^gY, (e-**^/i)^) ||z < 2-^B‘^ + + Pf, ( 8 . 12 ) 

sup2-A-®)^||Pfc[e**^(7((e-**^/)'^,(e-**\)^(e-**^h)'^)]||i2 < 2-(i+®)"^p3^ (8.13) 

kez 

sup 2'5^|| r e'*^C((e-''^/)^ (e-'*^p)", {e-^^^hr)dt\\B,, < 2-^^^^{A + Pf, (8.14) 
kG'Z,j>ma.x{—k,0} Jt\ 

where the symbol q{^ — g, g) of bilinear operator Q{-, ■) and the symbol c(^ — g,g — a,cr) oftrilinear 
operator Cf,-,-) satisfy the following estimates respectively, 

(8.15) 


( 8 . 16 ) 
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Proof. • We first prove estimate (18.11b and (18.13b . We only prove (18.11b in details here. (18.13b can be 
proved very similarly. From bilinear estimate (13.2b in Lemma l3d1 and (15.20b in Lemma lS^ the following 
estimate holds for any fc G Z and any 0 G [0,1], 


fcez 


< 




fc2<A:i-10 


L 2 


+ l|e-**VllL“ 11/^2 IIl2]+ E 

|fc2-fcl|<10 

• Now we proceed to prove estimate (18.10b and (18.12b . The proof of (18.12b is very similar, we only 
estimate (18.10b in details here. Through doing integration by parts in many times, we can rule out 
the case when y > m + 5. It remains to consider the case when j < m + 5. Intuitively speaking, our 
desired estimates follow straightforwardly from Lf — L°° type estimate. However, as the symbols have 
certain derivatives, we only need to get around this issue. 

We first do dyadic decomposition and spatial localization for two inputs. Without loss of generality, 
we assume that k 2 < ki. When ki — k 2 > 5, k 2 > 0 < ki < 2f3m, we do integration by parts 

in “?]” many times to rule out the case when max{ji, j 2 } <rn — 10/3m. As a result, we have 


ji<m+5 


< 

r\j 


E 2 


Q:fc+ji+ 6 A;+ 


j<m-\-b 


E 


->^ki 


—itA 


/fcil|L° 


\ki—k 2 \<T>, orfci<0 


x||5fc2llL2 + ( E + E + + 

k2<—2m/3,k2<ki k\'>2jim,k2<k\ 


+ 


E 


E 


m—maxlj-'u^}—ckfci—Q;fc2 


\\fki,ji\\z\\gk2j2\\z 


/c2>—2m/3,0</ci<2^m max{jij'2}>m—10/3m 


<B‘^ + 2-^^^^{A + Bf. 

• Now, we proceed to prove (18.14b . The major difference between (18.13b and (18.14b is that now 
we can take the advantage of the oscillation in time. From the straightforward if — L°° — L°° type 
estimate, we only need to consider the case where all frequencies are like “1” and all inputs are spatially 
concentrated around “1”. The strategies for those cases are already discussed in subsubsection 17.3. n We 
omit details here. □ 
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